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Lecture 1 (11-01-2021)

11 January 2021 09:34
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Lecture 4 (19-01-2021)

19 January 2021 10:35
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Lecture 5 (21-01-2021)

21 January 2021 11:36
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25 January 2021 02:16

| (Bicki- Byt Theonm)

Lo rydae B i MSo- dflle

/caw\ atme “’""1)“ dort shode

(ﬁ) g\rﬂ»&g A - (Q, 2, %o, A C QxexQ, F)
be on NFA  suh Ak L(A) =L

We duow Jan MO sedtne Py st

Vwéé‘) wE®G i we L(M) -L

0\\0

bxenge do.ao QQ

~ inspe da
P = 37_9\3 [5(0\,\3\/\ a(x) Ak('j{B &W‘ e;tg?{:d}
O.n"‘ do 'H.us e az»\enj of ¢

] 2 3 4
w = OL_‘ C s o \o o -
- 7 A T S N
pne fa/hfﬁlﬂ . f - l ‘(‘ ( ( {‘-3
ron | o ¢ T apter afin “0“,’ mccev\\'
ol reding A o ot 3

ldeo i *"% aftre o doke Seguance ku‘i«aﬂ:kmw}
X = L 2 3/‘k-\ & Sk b ..L: Skede L o
Xa - 3 SH

o= {6y C‘ya\’iv‘a e /?wn\ skeke {z« wors)

n-= (@3 g, A F)
w = 0o & @&, Qe
fr 9% % % - 9 e
We  tapde i S La o &k 4{ %ﬁm

X‘l, = A PUS'.{'*:OM v f vt R TERY, Slede 9,

Notes Paage 20



R

(2)
(®>

—

(1)

Thew b fx ‘bk}-w Q have A ‘F"Un""'\a Tmfwh'oo

5)(%1\1, €q i« a  pofiko ak pasitions. (Sme Xq, woy
be enpla, Tn\mj\.\.\

Te  fur qabion bbb Xy

Tf hoe tomeckive pusibon  p P e in e
sde K, ad X, repediudy,  Mea Mo leher o
psfon P allews b mee Lo o b 1/'.
(O — (3 e sy g tht Wt ik a vabid v

L pcceptirg  vun

T e \oX pikion 8 ia Yo, dhen M i

n kowtin  fom o, o e N ke b oo
%w\ skoke .

—_—

Q = i‘D) Lo m7)

.

Ts  wala (DA sk WE ¢, ff A acepy

b, = Iy 3y A {ﬁ?a,h Gon (Xo) %0, ..y Xmﬂl\
{(X“S" -positam ~is-in - \(:\ A

%‘11 V\jKS(’A,\:p = \/Q(%('JO N X“»'(‘j) A Ou(’ﬂ)}j A\

(3,4 ed

f Yo [ kot (2) A 6,\/ (Yq('ﬂ /\«(%ﬂl{x

,090 ¢
od ¢ €¥

\I"\& }Z \(.‘(ﬂ\> /\( /} “(X&O/\ij\S&

Tn L fet (0 AX(0O)

p\mo_

rm;-{;m (Xo, .., Yen)

w

w

l:irsk 'P&(’((on s —in=X,
Q [ R a)‘—
st e,,(wll : — @ __,@ __l’_;@?

@ =3 3)(13)(; : g?ml'\""\'"“ (x,, ¥a ,X‘D’B A

o VAL A

Notes Page 21



0 3% g ¢ § gt (i Ka, X5)) A
w\'fﬂ i "Iv\ A e
i\h vy () —9[ (X GOA a) A X Cﬂ\)u\.{.,ﬁ
(%) A~ 5O AX, (5}\/ A
(‘L.(f:D Noo (GO A Y«.(.;ﬂ‘i’ﬂ
[yt A W) A x5 (D) V
(Ks(ﬂ A an) A Y‘s[ﬂ\ v
(00 A al A Yz('ﬂ\j-‘) A\
Ax bk () A (%220 A (D) V
(x;(ﬂ A o@DV }73

()(s (n) A b(m)

CM w!k Hhe Wb wor& sq)a,,ahx} '\% Ww&l

m( obove i . nee Cov\g\'w(du'w Sihe ‘H« “(U}){p ob anl;.u
is m.a)\.lj Kk oy R aubwedl

Notes Page 22



Ll
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Lecture 8 (01-02-2021)

01 February 2021 09:25
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Lecture 9 (02-02-2021)

02 February 2021 10:22

Myhill-Nerode Theorem  gosuk reaular h"‘ﬁ“‘“ﬁ”

RCOJP On WLVG.IGN-& celotvow * \:-'x o- sek X. (M:S wolivult""j\)

. Ar\ UVM"J&JEM(@ rb(ﬂb:or\ R on X ic o \;ihans relalson

R cx=X w N s
O refleave, e, Yx €X: G, ER o AR,
@) S3mmd'f"<'-, e \EY y € X - xRy = k&k"‘-;
3 frongtVe, e, Yo, y, 2EX x€3 ond 3Rz = 2Rz.
(Equivalence relation, equivalence class)
fix  an e%;;valemv. reloX or R:
for x é'X, we AC&V'Q
[‘ﬂg = ‘1\3 E X 'x\?j?].
CW\M&M:& clam olb *
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Com.  No,qex - - (s o Dl nlyde=g.
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b ze e nlade.
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[gle € (e Siilory, e < Ty, B
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Lecture 10 (04-02-2021)

04 February 2021 11:38
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Lecture 11 (08-02-2021)

08 February 2021 09:35
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Lecture 12 (09-02-2021)

09 February 2021 10:36

~ g an e,q/"uajewce, celokion  on o

\)} ~ s o CO"TW"“ if N2, 4, Z,0 ET™ (congruence)

W

x~3 > Z 2w ~ Z\Jw.

L i res\,lw- ff Pee & & conarww(e o {:\ai’fe e
whidh  saturaes L.

ﬁ‘{: C‘é:) F"(Louzt «me- Mj\,tu-NmJe Smee A Coujfveuw. £ dho a

h’jM’ Cvnsmence.

@) L= LM osee A <(q4q, 2, 5 Qx5 58 F)
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EXL v rydar ff o is o il e
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That €, “ uo e CoOrieot U'jn-ene which  takvodes L.

_[The syntactic monoid of L

Loy M dewste the -Sam"'n.ob‘c tongrLence
Considen,  Hhe o M. = IV

ML x ML — Ml—
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wkvu-
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/ /
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pssocitve ([0 [0 ) Twsd = [1,00) [we)
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Tk i = [0 e M satisfe Coc=c=C Veem
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Lecture 13 (11-02-2021)

11 February 2021 11:31

= Fx o mmad (m, -, .

D submonoid s M & a susek NEM st

(Ve €N

> N s desed wudon o

Mre  prciey, (v, <y, & & A Shpomeid
e tNx M= 0wk s Tk, o submomeid s
o oonoid e ':hv,q_.

(Submonoid)

—_—

IL !Jm«,{ﬂ-j dement i e -

/

(ot & = e-e¢ = e

—

.|(Homomorphisms between monoids)

A G\Dmu)mofPhsN\ ("_““ [M, ) e,s +D (Ua ’li '€> is ~

«’uu\d:vw LL" M — N Auch  Hak
M hley = F
@ VYmMm,m, €M: h(m, * M) = him) * h(m,) .

e . @ L"t NEM b a §v.l>~wvwl'd- “Tre.. L: N C->M, i—n
s a lwmm-vf\m'm\.
@ l\. (27) °, 63 — ( N) '\—, '\
WY = Lath (3D N hiswn
. = et

(Recognise)  Let LCS* ad W ZT =M k ., morphism:
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fud Yy B~ 54,
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. ~ - A
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Difive X = 18. " % ell em
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)

b 2 e
(¢ e+ we KO- Ly Yo = O~ %‘,
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———
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Lecture 14 (15-02-2021)

15 February 2021 09:23

SYN’\MT \C M OnoID
JRA——

L C E* ,L, >, j QE* K o Rl j ,H ‘Vu)\fz[u'xz eL ‘=W:|?C—L\

4

g\jn (L) = (E*/N,_, ) [‘J,u\,
7
fadhc
ER mowo\f’t i Y{Bw,_ . [j/X - = i,')(j—xl--
(:..H&'\‘m‘;: ,
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N z — 53“(\,3 i« defined o
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7';“/ h(2*) =M s o ghmowoid  We  hove
¥ I W(ED —m
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L
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C»';AM-'D Se S Y,

gr 0""3 w) %VJ i o 4 SL, So\/ SL.
Y vec” Fo-Secid Ehe, ok ot (af mm-c

e 1 " apo e"‘”‘j"“‘"ﬁ o eiflen p oo 9,

L okat e L\m wn‘H!n obave T Adualb Snn (L.

Sy = (feqr2l, O
Ry — Ttext 4
C." A~ —srmotk P
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e e ) ‘ z — ndbificshon  Habe
| | \ R
YR QO | >
. 21 = o8 = S =So
’&e dhove  monai d o calld U;_, Fe  rered -menoid.
Note Ak 1=, 2:2=9_
A fiate oniid U““‘f) has oy "olem\,ak,.d'!-
Mo, 1 =1 fr M x Em
An  damek  ME Mk @l
©an degokd  F men =m,
a rifj\'\k‘lm it z2m= m Jor a”?(ém)
o l,q—t - a0 if mx =m Ly ol o
(ldempotent, right-zero, left-zero)
e SO e L= GRT DT 2 e dupes
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Lecture 15 (16-01-2021)

16 February 2021 10:35

) Uﬁ = (zc/ I/—L"Jj " e\) wheu.
Fecall ,
x- m - nj m = &,
m, m #e.
= '
Tee b, L= (We Bt tin U, o
| | 2 ;(ng 6w audomabon
2\2 (F e ned ndt be

D{jﬁ--ﬁ monoid & said b bhe ',Amfohnt i mj clemet
is Idep\foh’\t

“ A monoid (M, ',(’) i said b be Gomdtdive F
zY =Y ,F,, | S Y em.

(Idempotent monoid, commutative monoid)

l.)r. 13 Commurah.\ﬂ- S 2 = 2 *'

= 2.l
Uz I3 loqmpal'&v‘:
M = (fe, P, q,zl , e>

(& P 1/—’(“5‘ P njm- Zer»

\‘f".'}‘j T s & %u(_iat.'“'

M s bt ommdbabive ord  ossocdkive.
lek > = %a, b, c7_l- it w o‘eﬁw.

he 37— ok M

,vat. Aat ?” 1§ Ao (F\u. vwwwi) o 2. T+ ﬁ“'%{o‘
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b i vabo b 2 (Ay fuckn f T oM
ll‘B}d Mgv,gla —\w o~ homp o rf"““M ‘T:‘ : E* .’9M)
e Mﬂ W \a e»ol’eu&t'a
A > P
b — p
C +— %
7;‘&, w'a,,w, SFQIFI% h on Z*‘ an if\%'vu"\t k-
eq /&laca) = LA L) = PAP= 9.
Kile) =  §5€Y
k-l (q,) = Z"‘) I W (owhan o et ene C%
= 544 §*

F (F) = h""e’“f"’a words  wihhedf o ' = ia,L,T'

V- B o wnd w olw) = e et of bhs ok appm e W,
Olsershpn:  Fr  His  hone | 0 ®(0) = &) = hled = ulw).
Lo | Ll M Le  a  tommkabive and dempotear  orwid axck
A2 — M
I W owe 3 o wh ftat aw = alw), e
L = K(w). 3]
- G+ idem-
Lo recogpised by M owd (= a0
b o e Lo wie 1:].
% W=, w el = alw’).

T
he

by

(’lv\l‘ ['4 L[w\}a O ecw \mjuu. \'!b\)l')on‘v

f
S Conjl‘ wWne o T -

q}b\)Oth Qone Ot S« are  par amelerised
sl o 2.
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L s
S0 w(w
¥ S
L € .
o

Ik

A

¥+ idem. N..\.o;d, Ha.,
) =- o Ja«»us-

= 4\ U (avid)

aca

rewﬁmw \aa a  wewmdidem Moﬂoifl L en

bookean
fr

Cp""b;nab'or\ DB ‘#'-awap o{, ‘k-'-
ACS  letse ot ot

S RWW 'o(-] a tormm- T idevw mku iH—

1

a

A*

boolean
whowe

Co mbinahon dh, \mawﬁu J‘ e
Ac 2.
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Lecture 16 (18-02-2021)

18 February 2021 11:36

Ld L = 5*- Thn, L ['3 \‘P_aoam&u\ Lﬂ a comm+idcm
™onoi & IH, L LY boolean  Combyn aion “'i) b g“‘ﬁf” 'TL
Y fm A f o res.

: (;) h: 2 . M mocphism vzw@";;;*d L.
¥W/ w € §f x(w) = dw) = hiw) = k(w)
= (wé L H w'éL\)

Fin ASsE i
Jo | wd Al = j*\(g (i)

\xolﬂlﬂ\ GmL‘.nat "

G‘Mﬁ L v Ao puion 4 abee »/w

QA s \A O

7

“The Co\'ﬂPf""‘J"a monod  he  §, omesk. Tt Lok

ke - t”
( B

s

el ()
Dﬂﬁ'ﬁe L, 56 a "9 e AéA
£ > 0 a ¢A

Ten, L = h”( fe?l).
I{' L is "Ewawisu\ \,J M, 4 &L & '[=E"‘\L-

.Sufegk L, ad Lo Gre v Lorg riled laa (\m, M,,XA and
\\\:_; M;_, Xs). Tham, Conoder Mo monadd M, X M,
Lg L i reGoguied by (hy xhs, MoxMy | XoxX0).
5 Ula \‘3 o xM) v (M x X2),

\\
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[N -2 - '-wovw '(] A\ | -y A L) LR ~n--

L, ULl La (X, XM-:.) U(M: X Xz)
Moxry o (o ) () ) = (e )
hixh, : LRI N YA U

W —> (L\(UD, \ﬂz(un)'

E)(A 1,{. M, GMJ MZ e Lomm = idw) +L“" S0 i M,):Mz.

‘ﬁ\.'s L"‘S“b He P" F
G\'Vw\ Mv\m'd& M and N, we Ao\j M A"Wcﬁ, N or
V\ A N i{— M s ~ »\om)mor?\'\ic iMag. o% o~ SIJoanvl(A

o')o N
P <N

v

H N s Gem+ idom and  M<LN, o M & abo

lowm. T idom

lek Pen  bhe & submonoid ot WP —=m.

Note Pris ok idem 4 o

M, fwn o, w4, D e P st blpdeew

L% mom, = W KB = kpp) = ARG = Mum,
moc Qn(p‘\)z = W) = W) = owm

é'NM L ¢ E*; ok hao et a], e uyw'VaM mearﬁo o%-
Yoo T 4 ff A sydackc merad of L i
Gomm. + idw‘).

Es% - Ordar- [2“

0
F ) A(_n)/ 7]_(:’) = j‘ d’h

4
foo — ‘F\"s‘)’ ovder [na..'c with 1 vapable

Notes Paage 50

[\



nems, o ASy, Ary, o

{"."L Yo ,dh. x.
(3’°‘ aln)) A (32 b))
Ix- (a) A LY

Lt(“"‘" "Vy Luw':t) % €N almnac -pnlot
A= 2 Q-Lv'ﬁz e

Let P bk gn Foi-Smhm and W, w cs*
o) = a(w).
‘/J‘QM) w # \p ‘{’( ‘\)‘ b(?

with «lw) = o (W) wad J. ore A Wy
T,

b, =i F @ it w x| Ee

We prove 1 \'3 shaetoral indme hon
- Base e ¢ = afa.
Fllws  Sme 1y, =0}
(w; xeiFald i W=o)

¢ v ©,, 79 %Du,@ oL'rng-:).
?= Jx v
Fss e Y, L ow £t W,ox <L Fe
W, q&«t B0 =J2 Y
= Y e W, % | =V

Mk M ot wr s Wi o e
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ot(w'))
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it de #n oble i Fo!
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Is a lﬂ’b‘y\ Com

S‘;j" (Z) 8 Gmm. + I
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od o,

it W o<k oo
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Lecture 17 (04-03-2021)

04 March 2021 11:43

A som 3“7“’{ K a set wih  an  wsoaghive b;mra operaki on-
(e ol e NoRCOMY e qeupt) .
(semigroup)

A’-\J wonoiJ [ ~ Sem, avou‘) .

(§+/ ')
2) (‘IP = i(, 2,...1_\) {—)
)

NoT Mo olDS./

&‘\/AOQL P Y S
— 21 2
L

5. | |
Ve 529 o . S g

[ex ¢ le a  Sem qroug: Fw 2 es
X= 32, o 2 1\ «  Ale sdosemiﬂwuﬁ qenenoded \.,d = .

( T¢ P sw‘i\mfb

(semigroup generated)
(sn . AL o an ks 2 F o
’“‘“ﬂ, X & gomophic b

Can 2. Thee &k a cepefidon  in Hhe  sagponc. |
(e J  smalent  se-  Jic) wh o0 =
T\u.u, A, oA, X ae ol ke
T W /um'%w(q detomined) & cadkd the inden 4 =

/ﬁ“‘ we \r\cv‘e o~ vzech'ln‘on rfwm Hat P,,:Nk on. (index)

/)

',:-) ./—Z\
){ .
“>__-+" _%_.'\)_-
x! 12 xt

-« . y7

\\\S l"Qf‘/ l\m Fg doments  ia Lt E aduq%
o- w F is CO-“Q-& J((N_, ?ﬂd gb . (period)
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Lex

9,\95. —K(m_ 1 7y power 95 ot Lok K o I'&Q)Mf"h'&\'

Now, Choose 9 |or 4e &Aouj\/\ s Atk = 9P = L
Thew,
2 2 k+qp e+ vp-F

%) b w on Jc!wfo‘h’“k‘

_Qm : IL S % o~ oﬂn\"ﬂ Sy "-a“Du. ?) M Q,JULa dﬂﬂv\fﬂt

x hoo o (olevvxf ofenk Po wer.

O, H S « & ﬁ»\; Somi Qg then  hoe btk o
posi Kive u‘nkap T st Yo, al i iAu\Q&M:-
(W o stk of st D

R Wb we fen Mo €5 Ba, sE 32 i denp

Lot m = LeM N\ — ,F,'wl\-t.
x€ES
2 Th
o (W00 @O

S (L g S o monoié‘
SI
ST it A ks oprakion ow S
exlededd o Sv %(1_\ So Hak
(svi™ - D i moed
)-S= s |= S, 5.5': s’ ¢ VS,g’&S
(ﬂw\ ()\'\&d‘ vy VS Y b'toﬁ’,{\e w‘\'{’\ { O I’&~
$ ke « SUm{%rvu{. (right ideal)
Y‘\S\o& I&Qa)t @)G LS 13 etk R 6§ s+
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(gs' - feo o ek s CJS'B)
T, r£ s € R Y rek, s €S
T" ‘FO’V+\ (“‘lM) ’ﬂ"'- Seme Y4 Frne #r S eK /IF\AA/)/ Q I8

G Semi a(vuf a  wil-

S\'mi \WL} a \% \&@i a,% S s coloc et Le S s+

S L o= L. (left ideal)

AV\- L&Gﬂ& ﬁ_b S i R 9 PX3 < I c ¢ st - (ideal)
s 1¢ = T

We chaldl amuwme ol MPQA of e Yo be nomw{‘&.

Fix = €S Wt & e gmallel  aqk  ded o S

vlidr  eutaurs x?

Noke At e 8 is o~ n‘S\Ax ;dea) Wudn ot .
Moveoten, il Rox o vigek e} and yE ' A
3 £ Q. Thow, * s o R

_. x - S\ 'S Hle ‘(‘3\'& |0Q19~,‘ ?(QMEJ\ a\‘&) La -

— S s AMae \"-tjc et of o
N SI'K s S Are I&Q_ﬂ" ojq €

e &Q%{,@_ fle 1{"(!““"'\6 lokions on §-

LR S

X 4‘1 4 \ if S € 5‘3

I * < L (ﬁ: ’K\&n & '
x4 R 9§ ..L 2% S \ S'
. ' ' \ !
X A\ 39 \8 |l7 S S <C ¢ | C.
(Sc,n'\)t o))

All /n\w, ’ﬂmu- rek adiono ore f)re,o\'olug. (preorder, pre-order)
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c»ivw. @ TmorJv\ <, we ag_t A %v(ﬂowih& euincdence
reX oz on ~ \,,Zf Ty ({fé £y and 3é7¢-

e @ e of Mo st apunue dadow o
MNaoy  we  can  deljne < om X/ by
[\« (4D (¢ 1 £y
(1'4 poels- &Q%MJD
Naw, ¢ on XM & 4 paad  orden.
()‘(C exne,  hroaufive, M’c;-sﬁmmhfc

le. bt 6= (v ) ke o dreded quph

o V be Aa{s.'ng,,( Lﬁ

L e b (bl gt il
2228 o w b

TL-.L 5 o fre—ﬂf‘o!en. Ntzaae not be oo S3mmdwt.

@6 €4 (=% 2 < 2 <5, _$'7£2

Noro, u~v iH we v owd vey.

T, 1= 11, 3,3y >,
[4,] = fl"l J_fbﬁ'j

e ad‘ e Pue.e f[‘l ['«]13 wih ) < Tg)

Shrowgy  Covetked  Gompoech”

/ “ < dice¥ed a(Jj(ﬂ#f— opeplt

Notes Paage 56



Lecture 18 (08-03-2021)

08 March 2021 09:32

Recall : (JNEA S é-&w\,\i%wuf, we Aeg\v\u' &I and the lDr‘t—orolers
é l ) 4@, ‘s 'j b

1 4
SSLS, = SS—C—SS,
1 ’ 1
.S__Q.S/ = S.S Qsl 5
4
s £ = Syt 2 §fs'ST

The  wounked uiolence  veloboms by A Lo
Z) &, j: reop, m IS -

1
(L & (JSA ' sl _g'gvtg\ e S's-5%
& “:(r\n,n GSi s € s= ms and & = ns.

/ 7 . |
Su‘mila/,'j, S Q& = 551 = Ss e 3Vn/n 952 st 5= Sm ol

s'! = sn.
1,1 1 1 .,
‘Z%JA‘O’ Srjs' & $Tc( -S4y S5 & am,ml,\,, est se
S= mim wnd

Jl = r]'s n.

~—

Fov- an d&hm se L(s), Q(g), ad 30 deote Al
qplence  clon  otaiiyy ¢ wrep A, R T

[emma The relotions SR od R o stble o the le#.
Tltw!’ 1'5, Vs x € S, we hoe

S g s = ag Zp % S and

LR.S' ﬁw@x.s',
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gm.llo{(yl é»( aud t>Z e goble

o right-
Bl s<, o

g © <5t st e gued
Now, r € S a"w_a « S = 28'm € L”’-S'>.Si_
t 4
> 2.5 S (es)S
K e SR 25’

B g A R b o b

[w/}a T}E Vdahou &, and z Compude
Ve, ¢f ¢ €S we o

S‘(R,g’ and s

@ 31&5 g.&.

= Seon 5= CIM, s'=sn
Si " 3(’,’1, g = ps’ S,,gis)
Zu{’ x = is'm = 'm c o Si
= 4% € <ts
" re s F”LS‘M
= P!/m = i - .
(nwo/ S = P o e Slx
Y
s oLz W

7z &'{ SI‘I
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R, &y
R o

- s DZ. X . \\ x R $I., @

gl’?\z’*& we have R, ond R, — esquiv relob oue on X
be ook He smallest  eppiv el whidh ewraw R, ad

]/\gs e comes eoser it R and Rz Coon mude.

| Deroke 1y D e euvalene rakin R L (=L R, e,
‘2_682 l"(’ﬁ 33 s-¢- %&3 a,\a jbil

e 5o an eqvluce  Adon  dre R oad £ mede

1\9% Sh a Ko 0(9_.

rdz =2 3y ijiz @3}’ 'xij' Rz = ZKi,"i%
Yz Ha

L Ony, Py 2 % Ry o, Ry, dog = *Lﬁgg"‘-z&@‘yrfﬂs

9, 913 <-/’ 9(@,\33171} = %R‘juj“];i%’ﬁ &E 7133 R%m J\mj

.| Denote Lj K ’ﬂq, q_rv,iv e rdakion R N i

e

Lg)c D_C S e o @CLM; 04«0\ M m,‘ﬂf" éD
\VJﬂr S-k- ™M Q YV\".

Forker,  cho ot poad 4 St m= mMpoadd M|:M0‘r'

{T\\eﬂ, % > AP i & ey L(e) = L oud
x = % g, 5wy L — Lim').
Morc,o\!(h , ’h\eﬂ- ane witvsca o Br €a Jn

ofhon. (D\ ?m’u‘c,.,\lw, '{’kua G LQ L&bm)
F,,fﬂemoﬂ) ’“ma ?ruuve d{ danses.
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n = Sm.

CV\%)’P = qu/P = SYV“ F =

Tio  dhas Mok e mep o
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Lecture 19 (09-03-2021)

09 March 2021 10:34

Gvee.,.ls rlabion - ‘S'() '~<Rz éj) "Z, R)T

n 4‘{‘ R steole on n’sl\i‘
@'\ ‘i (“‘Wl @ (.omwu.d’t-
. (é.()o (5&3 = £g¢ = LSR>"($£)

& O -JL-R = R-L
c J ~ aweml N necmcu(lj.
Howo een, D = 7 _ﬁ, 5{,@& Semi jvvtpl-

Fin  pges® v =o'y
Q — os
. Y"' L(m ‘—>L(m') vight  idaat
- L) — LG ,Z-; It ident
hesk l"':)cofl'an, olumna
uW""a H Mones

(6) Z’/t b be. o B dans m, m & D.

‘ g | < C_;(a_"f'\. M. m' & R(M3 N L(ﬁ") I"HC
[(m) n R (m/) Lonttine  om iclvmra{'fn‘l'
iden y

Pﬂ_‘&-. (=>> 'w s L) — L[mm‘) € a bjecdon,

LJ e Prtm‘oM.
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Bk Lwm') = L(w).

)

Movﬁal/(h, 'm Pu ovey (a( Uauses.

' Fe € LD N R(w)  sudh Aot
e-m' = m'

h e®m  JFa se M = e.
Now, e = e-@':&:(e-m') = m. .z =e¢.

(© e e e L) AR b o dogiek

effm’ I exn =’

N4 2
\p\\\ o Note em' = efa) = €= ex =m
oy Tho, e oy ostare 2 -
'm ! L(m) = Lled _ Z,(M') i< o X-dm

P Neoow l. "é M"f ( T {RU("J A ‘o{jeuﬁ'u)
S mem’ e Rm a Lim). "

(7) A’h % - d% H i o ﬂ\'ﬂ&.‘? /uvm‘er '“-l ;’\dutd th’d“;"‘y
iﬂ * Cont wins ‘ﬂl Pn&ud' "/b' Hoo a‘ ik emesita-
[l'f F * ntae  an deomp ofeuk)
\ @) T";J\'A~
74,

/

L

(= Lot w, m ogv be st mm E R

N (Y PR R \PW\‘oup $cendorio. (DU:)QNU(J'L md—u’uj\c)
/H’W/ H Covdaim om i&ﬂm\?t')m/ ba’a e.

NW, Vz EHn ¢ Ae = o = ex. (UL@. the «qu <\;~4|‘er0

(16?\ = 7102% o~ '7“’(& = g"“,l"‘” st ”'-‘-EMI:MQ>
but- e P ¢ Jo 0s€ LA A
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( e 2 ﬁRQ ad nde = gm‘lpn” st Azem =me
but e €99 o ose Lorfla iy

Now v K —s H e Lledim - 33 € H st
yx = e
S.M;IM,{HI So W L. . M —> H. © oz e o fowe z.
Ther oy M bo  a \dv& e vl gt e
Driad akqj ehorm WL W Ak Hay o s B

AL K- dases  wiftin « D
Ran “‘Wt Same WJMAA"‘J
(Psml»‘j %q’* acrost M& P da,MD

1f D onwmw  an :‘JWM, i wutaiw ot least  one i demprtent
in ek Q- clow  od ead oL -low

(Tm, b oo D den i o don, b dou ey M>
@ wlgyn.

B S e Qv dm. g
e-r = r /s—.‘uw e It i&e-MPB CS&M J—wdc)

Js s rs = oe Now,
(Ser) =  sew ser = ¢ &€ = sel.

T Ser i On idomp ofenk Nste ec = v avd Fhe,

7

~ oé (‘Ser)-

Clam -
—_— )
M. Ser = (Se) © — () )‘]/\S\ g Ser
LN VAR B
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M. ser = (Se,) ©

_‘_(() - [ Ser
v (ser) = (78)er er =r e rt

[

5 = (M) ser — (D vf
Wl 2) few r L G
TM/ "HJ. co\lmn L( M) Contticno oun I'A UwFOM'
”Yb)' R (W\) (,oy\+0.i~ ow -
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=

Nodk

Lecture 20 (11-03-2021)

11 March 2021 11:36

Fall»a pr n P(v,— orolers :

. v.l's\,\k mul}i?ﬂ;c_p.h'om mMajces Qou /{:u&\ down S R
Thea s, i ox €K, Y € Si, than 13 Lo .
ek abon make g full dae e 4
=z % wﬁ;_ 2% {W x € 5, z € 5|.
Similpety, = ’j Ly =
Note x @ J = j (\j
U (\
xoZz ﬁa = S'x =S'2, ZS'—_ 35'-9 S'xs'=S'zS';S'\3S‘
(IO'\\J(.(.{Q not e w A&MM pES “'Y\M. pa\ﬂ.»\ lS\ < o0.
Fom oo, Sl ke 4 uite  Semiqup.
\. (Simplification lemma) Ld m E g, 2 Es i'
an
It zMy = w, then Mi%m ond MRM}
(Lov. Ao aiwaaa ),w xm ‘$,Lm- Hone, PLm égm \41\1‘*\5
m = ‘lmj
= X (%m“\j = =x* mb" = = 'Xgm\jg = = ':cL MJ&
¥ L>o0

Recoll Aot odoo elopw it

S &-

Let Le

o fiwte sends hae desp. e,
d.LJ \js oxe f&m{)o’&w\t-
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1L = 12‘. = o' ¥ = = -
) NN J
m _ ’,'t,j m dIJ - QLL li‘) — nk\
= xL m = = (%'D
. ™ 9( am.
Sm.'\a,-l‘}) m R "'a.
Lwe vy Tm' = m Pm
M‘ m:/Jm, = —a’)k)‘:b O\)\° M:'?Lmlj’ m' = amb.
M = Xm’j - @LO\)W‘(\":D'
BJ S;NP\\'(:\'Cail‘on) m i CX&)'M) m R m (b:&)
m ‘«41 ('xa\-m A,;L am Apﬂ m.
= m ‘i am . ann'n‘br(g, ™M Q mL;
\
am R amb
= m & om R am b = m o8 eumb =m'
e ™ b% VV", ar de"\'-cl
_La’m_vg“. SLL?POSQ. m T (and M, m Sm’)
QI m ARM™, “Fhen mn R m
/l\w\n, "‘*’;&\mﬂﬁ Jares  vithin & T das e in(pm?qm.lole-
W Th ™M ép& ™ Ahen m L om'
?_\ﬂ" We ; OV\\J Pwv.ll (l)

Notes Page 66



T ond m 4 R m.

™
m = m % {1.7 Some £ <t ( mg@m'\
wm = amb dorr Some a, b €St - Lgm)
m = amzb. Pory  simplicakion o gex

m B mab.

m'é& m b SR m X éR m!.

-

D

Yn, R MI"l =M. £
x'i-\‘.sct Senat Smuf S s o?en'oAL'c \'Q Invo YaxeS: "= '1n+‘,
v Nxe S Inmo ¢ " ="

(aperiodic)

[&-‘”'\ ore Uuu'\/o\leﬁd’ sinte ¢ s %‘Nx\d

L —

Q}“, Lbk' S be o 4"\,\&\1' sevu c\\wu? .

TFRe:

(@ S e &?94’\'03“"(' Y eadh  degnent oo lmiod 1"

® Ead  domek generatw o s - som o ff  piod L
Ci"‘) Ea dn * Ran o.t Q is +r\ NT) vJ .

(i\D Evua f]"’“‘? in .f s Aaviol: [Grﬂ‘-*? {ZNJ- e W\\'cswue—]

M = (W »}ri\n'ak) A lO’f' o} \EMSW e vep ¢ pfs-
"’[' r) #l/ i+ \.rnu neven,  be 9(11\ - 7lv\-lrl.

Q’l’\') = Ci‘D 0 maxLMw\ os*.w? v o W\M?\o“f “ o %’ch

(lgnwb

(V) = (i) we  thowed A Leaf) /’IW"VU ~ ”J"’“{’

(D > (i) next  Cloks

Notes Paage 67



Lecture 21 (15-03-2021)

15 March 2021 09:23

(\_I) = (Ul\ _ Hw’ﬁ : gadn @‘wex/\" “‘u Y)g;{o) {L

lo show : N lokon & dwvial

Lo alb T s, Sa=9L ad ol oLt
—’39(} ési S- & Y o = b, jlo = (L.

36 01/65 st~ O\P = bj Lo)/ = O

(i) > (0 [-M% thaboor b “3
Lek G) g S e [N Céwuf
We Show (C) 9’(- e \/ 8 6 (m . [c e od Un‘h"’j ob Qx

(Si% Q{ Qases  are rivial b uvridd cdd( Q-ﬁflls

Lex 3 €a be M‘L""“S TLO'\, :)3' eEG st 33' =e=-9 3/‘
/“\luo, we LX} (¥ 3:3’ = e (%) 3’.3;2
W 9-e-= 4 6> g = g

——

Iy, 8 Re and aol.e- 2

I &U\U‘-‘*}‘) X - Nargy O:MC\MW& O ?Aww?a\'b«k oo Moimal Toeps
M S

Notes Page 68



-— QV"" 2 = — TVISD L ABAR q LAl W TTY T" Az == LA LA TiwreTtTreTT “' “"J
Mmoo S

e

S ()1 M{Zen \30'3&-' S /W‘Wem

> A IOﬂSlLO\%L 1S e(o V\iSQA La An WDJ;C (Y\oﬂD.\A /Se/rw%\'oup
i‘\((( ik S &(Frtssc& La c~ Sl'a«—fFN.z uc?mion-

S {McNmS\/\JmV\- ngm'k Tk%mm/l
Ster - fre = fst-ocden le@b Aefinaleility

——

Fe 5 fuk Sbem free

rF = (‘\+r1\’1\'\r\n(,_\~r,.{‘,,\ uéi\(f — shkor frea

PFA, NEA

acd .

Notes Page 69



o)

16 March 2021

Lecture 22 (16-03-2021)

10:31
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Lecture 23 (18-03-2021)

18 March 2021 11:35
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Lecture 24 (22-02-2021)

22 March 2021 09:32

Schutzenberger's Theorem

Difficult direction: Aperiodic = star-free

’_d{ \'\‘ E*-” ™M be x fhor?l\«'sw\ iu a —[—:ﬁ a‘aen'ooblc monoia-
Ve wik show (*) \im G_M) \f\v‘K (‘“-,33 W stmr- 1(3»(}
SF)

Defe - m <o it Mm<q m ood  1lon S wa').
(P‘-\’ri&smmch\‘c, \'m,g{mivg ‘}le'ﬁ"‘\

‘A)e w\l prove U‘) ‘0\3 intﬁ'*cxipn oW <j

Mo peenly s
D W(n & SF.
2) UmeM [ (k"(n\) s SPVa > "\3 = (k“ (J“) is SF\].
Mok Ahar (D = KOO s i TR, T bpweost
Tl conbrun, o /.
g =
N ] A
Bae e @
| _ /\ N
h‘(alb = A pwhowe A= fgC—Z ‘-k(a\:\'% @r‘
A¥ 3 S"U'F"&- (j’d&m e6 j— % Jm'v1'0~1> “% \M
. 8
* o= ¢ —+ a\ | ¢
i ( -
TInducbin g@. ’VVMm: Lm =k (im“ = §w€ s* h(w) '-'m’i.
Y (}M'.i'_"‘_lé"i 'ﬁlc«,
Fin an  demenk 1 #m €M s?/ % @\\\
Aicipe - Y N>, m, L & SE ( /7\ A \\

T oshows lm & B ; *_H J—T_—E "

Notes Page 77



S

v

T oo Am s Se H—:\ J—_‘—l[ |
N
- | Skep un
Litw = ?N& P AR 0 jm?] s ST J;: \u
7’\

Step > [R(mﬁ = iwé S W %mﬁ « SF

e Liew = Fw €3 he &md o SO

Skp & L = ipe 2% hw %m?[
= Lﬂ(m) n LLLM'
Sep Rad T Sk 4
Sp o By spadid,  Hm) < imd The S ko chs
lw ® SRB
L L?ryw > dec ¥ W) Fg o pepres_tr Mo
Q&ﬁ. L‘# ~ . o« / \

T
ot : d("ﬂ (L%IB\(Y‘KZML" / /\ /\H_il/)\
p:t‘d“": € . j\ /‘ g

s By nduck, s€ 5 u
Trn. Ly s SF 7\§

Pt (o claw) Not ek 1T 0 0 n WK b an idead
OJO M. L?:rm = (.

%"'; L#‘j"\ & “aain an l&UZJ\

(3" dhey  Loordy we ég:rm and 9¢,J6§*¢ zey € [43.,“.3

o W;(J w E L%Vm o,,w\ COV\MAE/" o {hinimal

rw
b{— w st w GL;JM. Sudhy #dw must  exit .

¢ W ¢ one Sutk.
o o il

Notes Page 78



\Y

b{— w st w € L; m. ' C gk(ﬂ\. a dor st expl. . oW i one Sudk.
J gu e e 07‘1_7 .é::;lj>
B\} mininals {3 °<} , o profor ﬁ.dw 9.‘ w K n L Fg ™

((k=f£ Shie ‘n(é\:]a.:m

low £ =4 W) #g m v
s¢
w = a € E' h (o) jch' m. %, we S° XW‘Z*J whow
éxm TacE: WD g mb
(,Dmx}‘Mlej, aJA Jordo heas
Caa. . lul =1 vp o L
ke W= avk fe ateT L4
W Zg m bk ), W0, hle) 24 m, oy mhimakky

Caro WD > m.

p"i'&‘— gulf ble ot TL“'/ W Im
ll\l‘”; h(av) vm ad \/LVQ ‘Jm &y wed.
(n Ih0 =y nied >y m)

T, heiy Th (vh). Qaely,  hD Zg hiow).
Q\"\(L M IV bv'n'.‘?, we
W) B hiv
Ia ey hed & h(avo) = hiuw)
>  hw) R h()
> how) o (W)
/mﬂ, h(v) = m. s, ve U L.
n>m
TNO# ooy
»,a n ke

Notes Page 79



& bez

> m
"3

W) n- (P P

(m\\n%e}j, all  wweds herg mep b A 'Aeng 1

We  haw Showon A [ ISl

#‘JM is
“This L 1 s SF The ﬂLML@ NS

Notes Page 80



Lecture 25 (23-03-2021)

23 March 2021 10:39
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Lecture 26 (25-03-2021)

25 March 2021 11:34
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Lecture 27 (30-03-2021)
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Lecture 28 (01-04-2021)

01 April 2021 11:36
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Lecture 31 (08-04-2021)

08 April 2021 11:37

Ordered semigroups and ordered monoids
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Lecture 32 (12-04-2021)

12 April 2021 09:27

Dedened dpmadn (ordered automata)
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