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CONGRUENCE MODULES AND WILES DEFECTS OF
DETERMINANTAL RINGS OF MAXIMAL MINORS

KASHIF KHAN AND ARYAMAN MAITHANI

ABSTRACT. Let O be a discrete valuation ring and A := O[X;;,x,]/In(X) the determinantal ring of maximal mi-
nors. We consider algebra maps A: A — O, which is tantamount to choosing rank-deficient matrices a € O"™*".
Following Iyengar—Khare—-Manning, we compute the congruence module and the Wiles defect of A at A, expressing
them in terms of the (m — 1)-sized minors of a.

1. INTRODUCTION

Let O be a discrete valuation ring, and A an O-algebra equipped with a map A : A —» O of O-algebras. We set
p :=kerA, and let m denote the unique maximal ideal of A containing p. We say that A is regular at 1 if A, is
regular. Following [IKM], we let ¥, (A) and 8, (A) denote the congruence module and the Wiles defect of Ay,
at A, respectively; see §2 for the definitions. The purpose of this brief manuscript is to compute them for the
determinantal rings of maximal minors:

Theorem 1.1. Let O be a discrete valuation ring. Let 2 < m < n be integers and A := O[Xyxn|/1n(X) the
determinantal ring of maximal minors. Consider a point a € O™ " with 1,,(a) = 0; such a point defines a map
Aa: A —» O. The algebra A is regular at A, if and only if ranka = m — 1, in which case, we have

¥, (A)=0/1,_1(a) and &;,(A)= (n—m)wg,
where wg = lengthy (O/1,,—1(a)).

We prove this theorem in §5 as Corollary 5.11, recovering [IKM, Proposition 4.2] for m = 2. The quantity
wg above may also be interpreted as the smallest valuation of an (m — 1)-sized minor of a; see also (5.1) for
another reinterpretation. We expect the above result to aid in calculations in number theory; the case m =2
already finds application in [IKM, §5] in computing congruence ideals for Steinberg deformation rings.

In §2, we recall the relevant definitions and results from [IKM] that are needed for this paper. In §3, we
introduce the auxiliary objects and notation needed for the proof of our result, proving facts about these objects
in §4 under the assumption that we are working over a field. Finally, in §5, we adapt these to the case where
the base ring is a discrete valuation ring, proving our main result.
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2. BACKGROUND

We recall the category Co from [IKM, §2]: the objects are pairs (A, A ), where A is a noetherian local O-algebra
equipped with a local map of O-algebras A: A —» O such that A is regular at A, i.e., Ay, is a regular ring;
the morphisms are the morphisms of O-algebras over O. For ¢ > 0, we denote by Cp(c) the full subcategory
of Cp consisting of the pairs (A,A) with ht(kerA) = c¢. For an O-module V, we let tors(V) denote the torsion
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submodule, and V' := V / tors(V') the torsionfree quotient. Fixing (A, ) in Cp and setting p := ker A, we recall
the related constructions from ibid.:

(i) the congruence module W, (A) is the cokernel of the natural map Ext§(0,A) — Ext§(O,O)H,
(ii) the cotangent module of A is p/p?, and we set @, (A) := tors(p/p?), and
(iii) the Wiles defect is the integer &y (A) := length (P (A)) — lengthy (W5 (A)).

While we refer the reader to [IKM] for the significance of the congruence module and the Wiles defect in
detecting complete intersections, we now recall the relevant results from that paper that we use for our com-
putations. As (A,A) is in Cp, the congruence module ¥} (A) is a cyclic torsion @-module [ibid. Lemma 2.9,
Theorem 2.11], and thus is completely determined by its length. Moreover, if A is a complete intersection, this
length coincides with that of ®; (A) [ibid. Theorem 2.32]. In turn, [ibid. Theorem 3.5] yields:

Theorem 2.1 (Iyengar—Khare-Manning). Let m: (C,Ac) — (A, A4) be a surjection in Co(c) for some ¢ > 0.
Suppose that C is a complete intersection and A is Cohen—Macaulay. Setting ¢ = annc(ker ), we have

length,, Wy, (A) = lengthy, @, .(C) —lengthy, (O /Ac(c)). O

We may extend the above definitions to not necessarily local O-algebras in the following manner: if A is an
(O-algebra with a map A: A —» O, then there is a unique maximal ideal m containing kerA, and A extends
to a local map An: Anw —» O. We then set ¥, (A) := ¥, _(An) and similarly for &, (A) and ®, (A); this is
unambiguous as m is uniquely determined by A and A. Moreover, if (C,Ac) —> (A, A4) is a (not necessarily
local) surjection over O, then letting mc and my denote the respective maximal ideals determined by these
maps, there is an induced local surjection C. —» An, over O. This localisation will put us in a position to
apply Theorem 2.1; it happens to be the case that the rings C and A we consider are complete intersections and
Cohen—Macaulay not just locally, but globally as well.

Remark 2.2. We recall a convenient description of the cotangent module. Suppose P = Olxi,...,x,] is a
polynomial ring and A = P/(fi,...,fn) a finitely generated O-algebra. Let J be the Jacobian matrix with
respect to f, i.e., J is the n x m matrix over P given by [dfj/dx;|;;. Given an algebra map A —» O with
kernel p, the O-module p/p? has the presentation

A)

on o p/p? —— 0,

where A is the induced map P — O. This follows, for example, from [Eis, §16.1 and Proposition 16.12]; we
have simply put together the facts that Q4 ¢ is presented by the Jacobian, and that Q, /0 ®4 O = p/ p2. <

3. NOTATION

Let O be a field or a discrete valuation ring. We fix integers 2 < m < n, and let P := O|[X,,x,] denote the
standard graded polynomial ring in mn variables. Letting ¢ := m — 1, we set [ := I, ;(X) to be the ideal of
maximal minors of X, and A := P/I the corresponding determinantal ring. Given integers 1 < a < b < n, we
define X, ;) to be the submatrix of X obtained by selecting columns a through b (inclusive). Consider the
sequence of elements f = fi,..., f,—, € I given by

f[’ = detX[i7i+,] .
LetJ = (fi,...,fa—)P C I be the ideal generated by f, and C := P/J the corresponding quotient ring. In view

of [BH2, Theorem 7.3.1], we note that ht(/) = n —¢. We shall show that ht(J) = ht(/), yielding that C is a
complete intersection of the same dimension as A. Consider the canonical projection

w:C—»A,

and let ¢ := annc(ker 7r) be the annihilator of the kernel, i.e., ¢ = (0 :c kerx). For 1 <i < n—1r+ 1, consider the
(prime) ideal £J; of P defined by
Qi =L (X[ igi—1))-
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Let Q; := Q;C be its image in C, and q; := Q;A its image in A. Diagrammatically, we have

P C A
Qi 0; qi-

We shall show that ¢ = 0, -+ - O, as ideals in C, aiding in our computation of ¥} (A) using Theorem 2.1. While
we require this result over a DVR, we first prove it over fields, making use of Grébner bases, graded canonical
modules, and the varieties defined by the ideals.

4. COMPUTATIONS OVER FIELDS

Throughout this section, we continue with the notation of §3 under the additional assumption that O is a field.
We may then talk about the graded canonical module wg of an N-graded noetherian ring R with [R]y = O.
Recall that for such a ring R, the a-invariant ag is the negative of the minimal degree of a nonzero homogeneous
element of wg. We first prove that C is a reduced complete intersection.

Lemma 4.1. The sequence f is a regular sequence in P. Thus, C is a complete intersection of dimension
mn —n—+t. Moreover, C is reduced.

Proof. Consider the lexicographic monomial ordering < on P induced by the lexicographic ordering on the
variables. The initial monomial of f; is the monomial corresponding to the main diagonal of the defining
submatrix X; iy, i..,

inc(fi) = X1, X201 - Xowite-
In particular, the supports of the initial monomials are pairwise disjoint; thus, f is a Grobner basis generating a
radical ideal of the claimed height. g

Observation 4.2. As C is a complete intersection obtained by killing n —t elements of degree m, we compute
its a-invariant to be ac = —mn+ (n—t)m = —tm. Thus, wc(tm) = C. O

Proposition 4.3. As ideals in P, we have Qj---Q,_, C (J:pI).

Proof. We wish to prove the containment of ideals
Qo Q- d CJ.

As the ring extension P — P ®p 0" is pure, we may assume that the field O is a algebraically closed. As J
is radical by Lemma 4.1, it suffices to prove the containment of algebraic sets

V(Qs-+-Qu ) UVI) 2 V(J), equivalently, — V(J/)\V(Qz---Q,—) S V().

Consider a pointa € O"*" such thata € V(J) anda ¢ V(9;) forall 2 < j <n—t. Letcy,...,c, be the columns
of a. We wish to show that a € V(I). This is tantamount to showing that the column span (cy,...,c,) is of
dimension at most ¢. We now show that every column ¢; is in {(c»,...,¢;41), proving the desired statement: The
hypothesis on a tells us that any 7 + 1 consecutive columns are linearly dependent, whereas any ¢ consecutive
columns among ¢y, . ..,c,— are linearly independent. This gives us the claim for i = 1 directly, and for i >+ 1,
this follows inductively. U]

Our next goal is to show that the above containment leads to the equality O, ---Q,,—; = ¢ in C. Note that ¢ is
tautologically annihilated by kerx, and thus is an A-module. Moreover, as C is reduced, ¢ Nker = 0, so the
ideal cA = 7(c) is isomorphic to ¢ as a graded A-module.

Lemma 4.4. We have cA = w5 (—ac) = wa(tm) as graded A-modules.

Proof. By the preceding discussion, it suffices to show that ¢ & w4 (—ac¢) as graded A-modules. But this is
clear, for both the written graded modules are isomorphic to Hom¢(A,C). g
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Remark 4.5. Suppose a and o are graded ideals of A that are isomorphic as (ungraded) A-modules. Then, as
A is a domain, there exists u € Frac(A) such that a = ua’. Thus, ab = a'b for any ideal b C A. Furthermore, if a
and o’ are minimally generated in the same degree, then a and a’ are isomorphic as graded A-modules. <

Lemma 4.6. There is a graded isomorphism @y (tm) = qa - - q,—; of A-modules.

(n—m)

Proof. By [BH1, Corollary 1.6], we know that @y (rm) = q, =g} ™. Thus, it suffices to show that the ideals
a:=q} "™and b:=q;---q,— are isomorphic as graded A-modules. By [BH2, Theorem 7.3.5], we know that
each g; represents the same element of the class group CI(A). As each g; is a height-one prime, we obtain q; = q;
as A-modules for all i. In view of Remark 4.5, it follows that a and b are isomorphic as graded A-modules. [J

Porism 4.7. For any choice of nonnegative integers ki, ... ,k,_11 with Y k; = n —m, we have an isomorphism
Wy (tm) = Hqif" of graded A-modules. In particular, the product of ideals is unmixed. (]

Corollary 4.8. We have ¢ = Q»---Q,—; as ideals in C.

Proof. By Proposition 4.3, we have the containment Q> - - - Q,,—; C ¢. As noted, both ideals are also A-modules,
and we know that they are isomorphic as graded A-modules in view of Lemmas 4.4 and 4.6. Thus, their Hilbert
series coincide, and hence they must be equal as we are working over a field. ([l

5. PROOF OF THE MAIN THEOREM

Let O be a discrete valuation ring with uniformiser @, residue field k := O /@O, and fraction field K := O[@~!].
We continue with the same notation as in §3. An overline indicates the same objects being considered mod @,
i.e., over the field k. We let v denote the normalised valuation on O, so that v(r) := sup{k > 0: r € @*O}.

We obtain the following immediate corollaries of the results in §4.

Corollary 5.1. The sequence f is a regular sequence in P, and C := P/J is a complete intersection of dimension
mn—n-+t-+ 1. Moreover, C is reduced.

Proof. By Lemma 4.1, we know that C = C/@C is a reduced complete intersection of the correct dimension,
showing that the extended sequence f,® is P-regular. ([

Corollary 5.2. We have ¢ = Q» -+ Q,—; as ideals in C.

Proof. Corollary 4.8 says that the equality holds after base-changing to either C or C[@ '], but then equality
must hold over C as well. U

We now construct smooth O-points for A, i.e., construct O-algebra maps A: A —» O such that A is regular
at A. An O-algebra map A,: A — O is the same as choosing an m x n matrix a € O"™*" with [, (a) =0, i.e.,
ranka < t. Fora € O™, we define w, € NU {co} as

wq = length, (O/1;(a))
= min{v(det(a’)) :a’ is at x t submatrix of a}.
As @ ¢ p, localising at p inverts @, and thus A, = (K[X]/1,41(X)),. By [BH2, Proposition 7.3.4], A is regular
at A, if and only if I; (@) # 0, i.e., ranka = t. Assume now that ranka = ¢, in which case, we also have

(5.1) wa = length, (tors(cokera)).
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Next, we note that lengthy, (¥, (A)), 6;,(A), and w, are unchanged under the action of GL,,(O) x GL,(0O),
i.e., modifying a by (invertible) row and column operations does not change these integers. Thus, we may first
assume that the O-point is in Smith normal form, i.e., is of the form

o“
], where D = diag(@"',...,0%) = ,

|:DI><t Otx(nft)
o

O1xt O1x(n—)

with a; < --- < ay, and the Os are zero matrices of the indicated size. However, this choice of O-point may not
be regular for C. Thus, for what is to come, we again use columns operations and assume that the point is

_|D D -+ D Dy pmodi
(5.2) a—[o 0O ... 0 0 ,

i.e., the last row of a is zero, and the first # rows consist of cyclically repeating D. We set A := detD, and note
that V(A) = w,.

Example 5.3. When m = 2, the matrix a takes the form
o¢ o --- ¢
{ O 0 --- 0 ]

When m = 3, the matrix a takes one of the following forms, depending on whether n is even or odd:

o 0 o 0 --- @ 0 o 0 @ 0 --- o
0 @ 0 @ --- 0 @’ or 0 @ o0 @ - 0]. <
0 0 0 o --- 0 0 0 0 0 o --- 0

We now fix the point @ once and for all, as in (5.2). We set A4 := A,, and let A¢ and Ap denote the induced maps
from C and P, respectively. Thus, we have a commutative diagram

P C A
\

xt%ﬂa
0.

As noted earlier, A is regular at A4 because ranka = t. We will show that C is regular at A¢ as well. As we shall
need the Jacobian for this and computing the cotangent module, we first analyse the partial derivatives of f.

Lemma 5.4. The evaluation Ap(0 fi/0X;j) is nonzero if and only if X;j € { Xk, X4t} in which case, the
evaluation equals £A.

Pictorially, the evaluation is nonzero if and only if X;; is one of the two bottom corner variables of X ;.

Proof. Fixing k, we let X’ denote the square matrix Xj ., so that fi = detX’. It is clear that d f;/dX;; is
zero if X;; does not appear in X’. We may now assume that X;; does appear in X’. Recall that if Y is a generic
square matrix, then d detY /dY;; equals the (i, j)-th cofactor of Y. Thus, Ap(d fi/dX;;) may be computed as the
corresponding cofactor of Ap(X’). As the last row of X’ is zero, it is clear that the derivative of f is zero with
respect to any variable not in the last row of X’. Similarly, as the first and last columns of X’ are identical, the
cofactor with respect any variable not in these two columns is again zero. This leaves us only with the variables
in the last row that appear in either the first or last column, as claimed in the statement of the lemma. For
these two variables, the cofactor computation is clear as the corresponding cofactor matrix is equal to D up to a
permutation of the rows. g

Porism 5.5. If g is any maximal minor of X, then Ap(dg/dX;;) € {0,A, —A}. O
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Let J denote the Jacobian matrix of f; see Remark 2.2 for our conventions.
Lemma 5.6. As an ideal in O, we have Ap(1,_;(J)) = A" O.

Proof. By Lemma 5.4, every entry of Ap(J) is divisible by A, and hence we have Ap(I,,_;(J)) C A" *O. To show
equality, it suffices to pick n — ¢ rows of J such that the corresponding square submatrix has determinant A",
Such a choice of n —t rows corresponds to a choice of n — ¢ variables; we choose y; =X, ; for 1 < j<n—t,
i.e., the bottom-left variable of the submatrix defining f;. Letting J' := [d f;/dy;];; denote the corresponding

submatrix, Lemma 5.4 yields
+A ifi=j
Ap(J:) = Ap (0 fi/dyi) = ’
P(z;) P( fj/ y) {0 ifj>i.

Thus, Ap(J’) is a triangular matrix, and its determinant may be computed as the product of its diagonal elements,
giving us det(Ap(J')) = £A"', as desired. O

Corollary 5.7. As an O-module, we have coker(A(J)) = O™~ "=) & T, where T is the torsion submodule.
Moreover, lengthy T = (n—1)wg.

Proof. Lemma 5.6 tells us that Ap(J) has full rank, so that the Smith normal form of Ap(J) is [¥] where M is
an (n—1t) x (n—t) diagonal matrix with nonzero determinant. Thus, the rank of the cokernel is mn — (n —1),
and the torsion part is measured by (n — t)-sized minors, which is again computed in Lemma 5.6. u

Corollary 5.8. The O-algebra C is regular at Ac, and lengthy, ®;.(C) = (n—t)wg.

Proof. Let p :=ker Ac, so that V := p/p? is the cotangent module of C, and we have ®;_.(C) = tors(V). Note
that C,, is regular precisely when its embedding dimension is equal to its Krull dimension, i.e., precisely when
rankV = htp. In view of Corollary 5.1, we know that htp = mn — (n — ). Both assertions now follow as we
have V 2 coker(A(J)) by Remark 2.2. O

Lemma 5.9. The equality lengthy, ®;, (A) = (n—t)w, holds.

Sketch. The proof follows similarly as that for C. As before, ®,, (A) is the torsion submodule of coker(Ap(J4)),
where J4 is the Jacobian matrix with respect to the maximal minors of X. Noting that J4 contains J as a
submatrix, Porism 5.5 and Lemma 5.6 give us I,_,(Ap(Ja)) = L,—(Ap(J)), so we are now in the same position
as Corollaries 5.7 and 5.8. O

Lemma 5.10. We have A¢(¢) = A" O; equivalently, length,(O/Ac(c)) = (n —m)wy.

Proof. Asc¢=Q; -0, by Corollary 5.2, it suffices to show that Ac(Q;) = AO for each i € [2,n—t]. Recalling
that Q; =1, (X[j i+s—1]), we obtain Ac(Q:) = It (Ac(Xjis1—17))- But Ac(X[jiyi—1)) = @[ i41—1) consists of t consecu-
tive columns of @, and, is thus, equal to [ 5] up to a permutation of columns, giving us Ac(Q;) = (detD)O = AO
as desired. O

Corollary 5.11. We have ¥;_(A) = O/1,(a) and ;,(A) = (n—m)w,.

Proof. Applying Theorem 2.1 to the surjection w: (C,A¢c) — (A, A4 ), we obtain
lengthy, ¥y, (A) = length, @, .(C) —lengthy, (O/Ac(c))
= (n—1)wg — (n—m)wa = wg = lengthy (O/1;(a)),

where the second equality uses Corollary 5.8 and Lemma 5.10. As O/I,(a) and ¥, (A) are cyclic O-modules
with the same length, they are isomorphic. The computation of the Wiles defect follows from Lemma 5.9. [
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