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MINIMAL CELLULAR RESOLUTIONS OF POWERS OF GRAPHS
TRUNG CHAU, TAI HUY HA, AND ARYAMAN MAITHANI

ABSTRACT. Let G be a connected graph and let I(G) denote its edge ideal. We classify when
I(G)™, for n > 1, admits a minimal Lyubeznik resolution. We also give a characterization
for when I(G)™ is bridge-friendly, which, in turn, implies that I(G)™ has a minimal Barile-
Macchia cellular resolution.

1. INTRODUCTION

It has been a central problem, in the study of minimal free resolutions, to understand when
a monomial ideal admits cellular resolutions and how to construct these resolutions (cf. [1, 2,
3,4,5,7,9,10, 11, 15, 17, 21]). Despite much effort from many researchers, only a few explicit
constructions of simplicial complexes that support the free resolution of a monomial ideal in
general are known. The resolutions resulted from these explicit constructions are the Taylor
resolution, Lyubeznik resolution and, in special cases, the Scarf complex (see [4, 15, 18]). From
discrete Morse theory, cellular resolutions for monomial ideals were constructed in [2, 3, 7, 10, 11];
particularly, a subclass considered in [2, 7, 8] is called the Barile-Macchia resolution. The Taylor
resolution is almost never minimal and the Scarf complex is often not a resolution. Classifying
monomials ideals whose Lyubeznik or Barile-Macchia resolutions are minimal, or whose Scarf
complexes are resolutions, seems out of reach at this time.

In a recent work [12] of Faridi, Ha, Hibi, and Morey, graphs whose edge ideals and their powers
admit Scarf resolutions are identified. More precisely, let G = (V, E) be a simple undirected
graph (i.e., G contains neither loops nor multiple edges) over the vertex set V = {x1,...,z.}.
We will always consider connected simple graphs with at least one edge. Let k be a field and, by
identifying the vertices of G with variables, let S = k[z1,...,2,] = k[V] be a polynomial ring.
The edge ideal of G is defined to be

I(G) = <{EiCL‘j | {{Ei,l'j} S E> cs.
It was proved in [12, Theorem 8.3] that the Scarf complex of I(G)", for a connected graph G,
is a resolution (which is necessarily minimal) if and only if either

(S1) n=1 and G is a gap-free tree; or
(S2) n > 1 and G is either an isolated vertex, an edge, or a path of length 2.

Our work in this paper addresses the following problem:

Problem 1.1. Characterize graphs whose edge ideals and their powers have minimal Lyubeznik
and/or Barile-Macchia resolutions.

Our results give a complete classification of graphs whose edge ideals and their powers have
minimal Lyubeznik resolutions. Our method is based on the observation that having a minimal
Lyubeznik resolution descends to HHZ-subideals with respect to any given monomial m, i.e.,
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ideals generated by subcollections of the generators which divide the given monomial m (see
Lemma 2.14). HHZ-subideals were introduced in [14], and appeared briefly prior in [4]. As a
consequence, if H is an induced subgraph of G and I(H)™ does not have a minimal Lyubeznik
resolution, then neither does I(G)™. This allows us to reduce the problem to finding “forbidden
structures” for having a minimal Lyubeznik resolution.

The problem is considerably more difficult with Barile-Macchia resolutions. Even though
having a minimal Barile-Macchia resolution also descends to HHZ-subideals (see Lemma 2.14),
we have not been able to find “forbidden strictures” for this property. It is too computationally
expensive to verify this property even for all graphs with 9 vertices or fewer.

Remark 1.2. One known example of a graph whose edge ideal does not have a minimal Barile-
Macchia resolution is the 9-cycle [7, Remark 4.24]. The smallest example was found using an
exhaustive search on Sage and is drawn here.

—>-

Chau and Kara [7] introduced the notion of bridge-friendly monomial ideals (see Definition
2.7), which implies that the given monomial ideal has a minimal Barile-Macchia resolution, and
this resolution can be nicely described. We will classify chordal graphs whose edge ideals are
bridge-friendly and, thus, admit minimal cellular resolutions.

Let us now describe our main results in more details. For nonnegative integers a,b, c, let
L(a, b, ¢) denote the graph consisting of exactly ¢ triangles sharing one edge {z,y} such that a
and b distinct leaves are attached to the vertices x and y, respectively (see Definition 3.2). On
the other hand, associated to a tree 1" and an edge-weight function w on the edges of T, let
BF (T, w) be the graph obtained by attaching w(e) triangles to each edge e in T (see Definition
4.4). For the edge ideal I(G) itself, we establish in Theorems 3.7 and 4.8 the following results.

(3.7) I(G) has a minimal Lyubeznik resolution if and only if G = L(a, b, ¢) for some nonneg-
ative integers a, b, ¢; and

(4.8) if G is a chordal graph, then I(G) is bridge-friendly if and only if G = BF(T,w), for
some tree T and edge-weight function w on T'.

To prove Theorem 3.7, we establish that:

(L1) (forbidden structures) if G is a 5-path Ps, 4-cycle Cy, 5-cycle Cs, 4-complete graph Ky,
kite graph ¥, gem graph &M\, tadpole graph V\, butterfly graph N, or net graph )>‘,
then I(G) does not have a minimal Lyubeznik resolution (Proposition 3.1);

(L2) (graph-theoretic classification) G does not contain an induced subgraph of the forms
listed in (L1) if and only if G = L(a, b, c) for a,b,c € Z>o (Proposition 3.4); and

(L3) (Lyubeznik graphs) if G = L(a,b,c), for a,b,c € Z>q, then I(G) has a minimal
Lyubeznik resolution (Proposition 3.6).

The proof of Theorem 4.8 follows in similar steps; particularly, we show that:

(BF1) (forbidden structures) if G is a 4-complete graph K4 X gem graph A, kite graph <~
or net graph )>‘, then I(G) is not bridge-friendly (Proposition 4.3);

(BF2) (graph-theoretic classification) a chordal graph G is does not contain an induced sub-
graph of the forms listed in (BF1) if and only if G = BF(T,w), for a tree T" and an
edge-weight function w on T' (Proposition 4.6); and

(BF3) (bridge-friendly graphs) if G = BF(T,w), for some tree T' and edge-weight function w,
then G is chordal (Proposition 4.5) and I(G) is bridge-friendly (Proposition 4.7).
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The study of higher powers I(G)™, with n > 2, proceeds in a similar fashion, though consid-
erably simpler. We prove in Theorems 3.10 and 4.15 that:

(3.10) I(G)™ has a minimal Lyubeznik resolution if and only if either G is an edge, or n = 2
and G is a path of length 2; and

(4.15) I(G)™ is bridge-friendly if and only if either G is an edge, or G is a path of length 2, or
n = 2,3 and G is the triangle C5.

Theorems 3.10 and 4.15 are proved in a similar manner to that of Theorems 3.7 and 4.8,
though simpler. Particularly, we show that:

(Lp) (forbidden structures) if G is K1 3, a 4-path Py, a triangle Cs5, or a 4-cycle Cy, then
I(G)? does not have a minimal Lyubeznik resolution; and for the last 3 graphs in the
list, neither does I(G)™ for all n > 2 (see Proposition 3.9); and

(BFp) (forbidden structures) if G is a 4-star K 3, a 4-path graph Py, a 4-cycle graph Cy, paw
graph D=, diamond graph 1, or a 4-complete graph K, X, then I(G)? and I(G)? are not
bridge-friendly; and for the first three graphs in the list, [(G)™ is not bridge-friendly for
all n > 2 (see Proposition 4.11).

ACKNOWLEDGEMENTS

The first and third authors were partially supported by the NSF grants DMS 1801285 and
2101671. The first author was also partially supported by the NSF grant DMS 2001368. The
second author acknowledges supports from a Simons Foundation grant. The third author made
extensive use of the computer algebra systems Sage [19] and Macaulay?2 [13], and the package
nauty [16]; the use of these is gratefully acknowledged.

2. PRELIMINARIES

In this section, we collect basic terminology and notations about graphs and edge ideals of
graphs. We also give auxiliary results on Lyubeznik and Barile-Macchia resolutions, bridge-
friendly property, and HHZ-subideals.

2.1. Graphs and edge ideals of graphs. Throughout the paper, G = (V,E) denotes a
connected simple graph with vertex set V' and edge set E, where |E| > 1. Let k be a field and
let S = Kk[V] be the polynomial ring, whose variables are identified with the vertices in G. The
edge ideal of G is define to be

I(G) = <$i£L‘j | {,Ti,l'j} S E> cas.

A graph H is an induced subgraph of G if the vertices of H are vertices of G, and the edges
of H are exactly the edges of G that connect two vertices in H. A graph is called a tree if it
has no cycles. A chord in a cycle is an edge connecting two nonconsecutive vertices in the cycle.
The graph G is called chordal if every cycle of length > 4 has a chord.

For a vertex = € V, we call the vertices {y € V | {z,y} € E} its neighbors. The distance
between two vertices « and y of G, denoted by distg(z,y), is defined the smallest value n such
that there exists a path of length n connecting x and y in G. In particular, the neighbors of a
vertex are exactly those of distance 1 from the given vertex.

We shall denote by K3 ,—1, P, Cy, and K, the complete bipartite graph of size (1,n—1), the
path with n vertices, the cycle on n vertices, and the complete graph on n vertices, respectively.
We sometimes refer to those graphs as the n-star, n-path, n-cycle, and n-complete graphs. Note
that the n-path P, is said to have length n — 1.
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We call the following small graphs by particular names that their shapes represent: net ()>‘),
kite (), diamond (), paw ), gem (AD), butterfly (X), and tadpole (P\).

-

FiGURE 1. Net FIGURE 2. Kite FIGURE 3. Diamond
FIGURE 4. Paw FIGURE 5. Gem FIGURE 6. Butterfly

>~

F1Gure 7. Tadpole

2.2. Taylor resolutions. Let I C S be a homogeneous ideal. A free resolution of S/I is a
complex of free S-modules of the form

FoosE 2B oo m 2 E 0

where Ho(F) =2 S/I and H;(F) =0 if i # 0. Moreover, F is N"-graded if 9; is N"-homogeneous
for all 4, and minimal if 0;(F;) C (x1,...,2,)F;—1 for all 4.

For a monomial ideal I C S, let Gens([) denote its unique set of minimal monomial gen-
erators. We consider the full |Gens(I)|-simplex whose vertices are labelled by the monomial
generators of I. It is well-known (cf. [18]) that the chain complex of this simplex gives a free
resolution of S/I, which is referred to as the Taylor resolution. Set |Gens(I)| = c¢. Then the
Taylor resolution of S/I is of the form

086 = 5(5) .5 50 5 560 o,

We remark that for each integer i, one can identify a basis of S () with the collection of subsets
of Gens(I) with exactly i elements.

2.3. Lyubeznik and Barile-Macchia resolutions. The Lyubeznik and Barile-Macchia res-
olutions, introduced in [15, 2, 3, 7], are subcomplexes of the Taylor resolution. While the Taylor
resolution accounts for all subsets of Gens([I), the Lyubeznik and Barile-Macchia resolutions are
constructed based on Lyubeznik-critical and Barile-Macchia-critical subsets of Gens([). The
terms *-critical depend on the choice of a given total order (=) on Gens(I). Particularly,
Lyubeznik-critical and Barile-Macchia-critical subsets with respect to () are characterized in

Propositions 2.1 and 2.5 below.

Proposition 2.1 ([3, Theorem 3.2]). Let 0 = {my,...,my} be a subset of Gens(I), where
my > -+ > mg. Then, o is Lyubeznik-critical if and only if the set

{m € Gens(I): m | lem({my,...,m}) for some 1 <t <k where my = m}

15 empty.
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Example 2.2. Consider the ideal I = (zw,zy,yz, zw) C k[z,y, z,w] with the total ordering
WET = TY = Yz = ZW.

(a) Let 01 = {zw,zy,yz}. Since zw | lem(oq) and yz > zw, the set oy is not Lyubeznik-
critical.

(b) Let o9 = {zw, zy, zw}. It is routine to verify that oo is Lyubeznik-critical. Indeed, set
m1 = xw, o = xy, and mg = yz. Then by brute force, one can see that there exists no
m € Gens(I) such that either

m | lem(mq, mg) and mao > m

or
m | lem(mq,ma, m3) and ms = m.

Definition 2.3.

(1) Given o C Gens(I) and m € Gens(I) such that lem(o U {m}) = lem(o \ {m}). We say
that m is a bridge (respectively, gap) of o if m € o (respectively, m ¢ o).

(2) If m = m’ where m,m’ € Gens(I), we say that m dominates m’.

(3) The smallest bridge function is defined to be

sb : P(Gens(I)) — Gens(I) L {0}

where P(Gens(I)) denotes the power set of Gens(I), and sb(o) is the smallest bridge of
o (with respect to (>)) if o has a bridge and 0 otherwise.

(4) A monomial m € Gens(I) is called a true gap of o C Gens(I) if

(a) it is a gap of o, and
(b) the set 0 U {m} has no new bridges dominated by m. In other words, if m' is a
bridge of o U {m} and m > m/, then m’ is a bridge of o.

Equivalently, m is not a true gap of o either if m is not a gap of ¢ or if there exists
m’ < m such that m/ is a bridge of ¢ U {m} but not one of o. In the latter case, we call
m’ a non-true-gap witness of m in o.

(5) A subset ¢ C Gens(]) is called potentially-type-2 if it has a bridge not dominating
any of its true gaps, and type-1 if it has a true gap not dominating any of its bridges.
Moreover, o is called type-2 if it is potentially-type-2 and whenever there exists another
potentially-type-2 ¢’ such that

o'\ {sb(c)} = o\ {sb(0)},
we have sb(o”) > sb(o).

We provide an explicit example of these concepts.

Example 2.4. Consider the ideal T = (zw, zy, yz, zw) with the total ordering wz > zy > yz >
Zw.

(a) Let 01 = {zw,zy,yz}. It is clear that zw is the only true gap and xy is the only bridge
of o1, and by definition, o; is type-1.

(b) Let g = {zw, zy, zw}. It is clear that yz is the only gap and zw is the only bridge of 5.
However, yz is not a true gap o2 and by definition, oy is potentially-type-2. Moreover, o
is not type-2 since for o}, = {xy, yz, zw} (which one can check to be potentially-type-2),
we have

o\ {sb(ch)} = 02\ {sb(r2)},
and sb(oz) = zy = yz = sb(a}).

(¢) Let o3 = {aw, zy,yz, zw}. All elements in o3 are its bridges. Hence o3 is potentially-
type-2, and by definition, it is easy to see that it is indeed type-2.
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Proposition 2.5 ([7, Theorem 2.24]). Let o be a subset of Gens(I). Then, o is Barile-Macchia-
critical if and only if it is neither type-1 nor type-2.

The following theorem, resulting from applications of discrete Morse theory, describes Lyubeznik
and Barile-Macchia resolutions with respect to a given total order (>) on Gens(I).

Theorem 2.6 ([3, Propositions 2.2 and 3.1]). Let I be a monomial ideal with a fized total
order (=) on Gens(I). Let F be the Lyubeznik (respectively, Barile-Macchia) resolution of
S/T with respect to (>=). Then, for any integer i, a basis of F; can be identified with the
collection of Lyubeznik-critical (respectively, Barile-Macchia-critical) subsets of Gens(I) with
exactly 1 elements.

2.4. Bridge-friendly monomial ideals. The terminology “bridge-friendly monomial ideals”
was introduced in [7] to ease the process of identifying Barile-Macchia-critical subsets of the
generators. The motivation for this concept is partly that potentially-type-2 subsets are easier
to check than type-2 subsets.

Definition 2.7. A monomial ideal I is called bridge-friendly (with respect to (>)) if all
potentially-type-2 subsets of Gens(I) are type-2. Equivalently, I is bridge-friendly if and only if
Barile-Macchia-critical subsets of Gens(I) are precisely the ones that have neither bridges nor
true gaps.

It turns out that most monomial ideals are bridge-friendly (with respect to a total order of
the generators) — see [7, Theorem 5.4] — and the Barile-Macchia resolutions of bridge-friendly
ideals are minimal — see [7, Theorem 2.29]. We shall identify the failure of being bridge-friendly.

For the remainder of the section, let o denote a non-empty subset of Gens(I).

Proposition 2.8 ([7, Proposition 2.21]). A monomial m is a gap of o such that sh(cU{m}) =m
if and only if m is a true gap of o that does not dominate any bridge of o.

Lemma 2.9. A monomial ideal I is not bridge-friendly with respect to (=) if and only if there
exist a type-1 set 7 C Gens(I) and monomials my = mgo in Gens(I) such that:

(1) The monomials my1 and ma are true gaps of T that do not dominate any bridges (of 7).
In particular, my,mo & 7.
(2) The sets 7 U{m1} and 7 U {ma} are potentially-type-2.

In this case, mo can be chosen to be the smallest true gap of 7. Moreover, under these conditions,
there exists a monomial ms < ma such that ms is a bridge of TU{m1, ma}. In particular, ms € 7.

Proof. The ideal I is not bridge-friendly if and only if there exists a set o € Gens(I) that is
potentially-type-2, but not type-2. By definition, this is equivalent to saying that there exists a
different potentially-type-2 set ¢/ C Gens(I) such that

o'\ {sb(e”)} = o\ {sb(a)},
and sb(o) = sb(c’). Set m1 =sb(o), ma =sb(¢’), and 7 = o \ {m1} = o’ \ {ma}. Then, using
Proposition 2.8, one can see that this condition is equivalent to (1) and (2), as claimed.

We remark that ms is a true gap of 7 by definition. We can choose ms to be the smallest true
gap of 7 since then mg = sb(7 U {mz}) and 7 U {m2} is potentially-type-2 by [7, Remark 2.26].
Thus, the previous part can still proceed in this setting. Moreover, since ¢ is potentially-type-2,
ms is not a true gap of o by definition, and so 7 U {m1,ma} = o U {mz} has a bridge ms3 < mao,
as claimed. g

The equivalent condition to non-bridge-friendliness in fact says a lot more about the three
monomials my > ms = mg. We will first introduce a new terminology.
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Definition 2.10. Let I be a monomial ideal, « a variable, o C Gens(I), and m,m’ € 0. We say
that two monomials m, m’ share a factor ™ unique within o if n > 1 and we have the following:

(i) 2™ | m,m’ but 2" fm,m’.
(ii) 2™ tm” for all m"” € o\ {m,m’}.

This concept appears many times when we work with gaps that are not true gaps, as shown
in the next result.

Proposition 2.11. If a monomial m € Gens(I) is a gap, but not a true gap of o, then m and
any of its non-true-gap witnesses m’ share a factor unique within o.

Proof. Since m/ is not a bridge of o, there exists a factor 2" such that 2™ | m/, z"*! { m/, and
™t m/ for each m” € o\ {m’}. Moreover, since m’ is a bridge of o U {m}, we have

2" | m' | lem(o U {m}),
and thus 2 | m. On the other hand, we have "1 { m since lem(c U {m}) = lem(o). O

Remark 2.12. In the proof of Lemma 2.9, we showed that mgy is a gap of 7 U {m1} and set
ms to be a non-true-gap witness of my in 7 U {m;}. By Proposition 2.11, ms and mg share a
factor unique within 7 U {m1}. It can be checked that mg is also a non-true-gap witness of m4
in 7U {ma}. Therefore, m; and ms share a factor unique within 7 U {ma}.

This observation immediately gives a condition to determine true gaps:
Corollary 2.13. If a monomial m is a gap of o such that
m |lem({m' € o: m' = m or m and m’ do not share a factor unique within o}),

then m is a true gap of o.

2.5. Restriction lemmas and HHZ-subideals. There is a one-to-one correspondence be-
tween N” and the set of monomials in S. Thus, at times we will abuse notations and use
monomials (in S) and vectors (in N") interchangeably.

Fix a monomial ideal I C S and a monomial m € S. Let I<™ be the monomial ideal
generated by elements of Gens(/) that divides m. It is clear that I=™ is always a subideal of
I. This notation was introduced in [14], although the idea briefly appeared prior in [4]. We will
call IS™ a Herzog-Hibi-Zheng-subideal (with respect to m) of I, or HHZ-subideal for short.

Let F:0 — F, - Fp_1 — -+ — F1 — Fy — 0 be a (minimal) N"-graded free resolutions of
S/1, with F; = @jez R(—gij). Let F<™ be the subcomplex of F, whose i-th syzygy module is
@D,., <m R(—ai;). Here, for monomials a and b, we write a < b to mean a | b.

By [14, Lemma 4.4], F<™ is a (minimal) N"-graded free resolution of S/I<™. This result is
referred to as the Restriction Lemma. We will also state analogs of the Restriction Lemma for
Lyubeznik, Barile-Macchia resolutions, and the bridge-friendly property. These analogs come
from the observation that, for a fixed a monomial m, faces ¢ in the simplex over the vertices
Gens(I), whose least common multiple of the vertices divides m, are exactly the faces of the
simplex over the vertices Gens(I=™).

Lemma 2.14. (Restriction Lemma for Barile-Macchia/Lyubeznik resolutions) Let I be a mono-
mial ideal and let m be a monomial in S. If F is a (minimal) Barile-Macchia (respectively,
Lyubeznik) resolution of S/I, then F<™ is a (minimal) Barile-Macchia (respectively, Lyubeznik)
resolution of S/I=™.
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Lemma 2.15. (Restriction Lemma for bridge-friendly ideals) Let I be a monomial ideal and
let m be a monomial in S. If I is bridge-friendly with respect to a total order (), then so is
I=™ with respect to the total order induced from (>).

As an application of Lemmas 2.14 and 2.15, consider a graph G and an induced subgraph H.
Let m be the product of all the vertices in H. Then, I(H)" = (I(G)*)<™" is an HHZ-subideal
of I(G)", for each integer n. Thus, we arrive at the following corollary.

Corollary 2.16. Let G be a graph and let H be an induced subgraph of G. For any integer n,
if I(G)™ is Lyubeznik, Barile-Macchia, or bridge-friendly, then so is I(H)™.

The following result is obvious from definition, which allows us to discuss about the prop-
erty of being Lyubeznik, Barile-Macchia, and bridge-friendly for a monomial ideal I and ml
interchangeably, where m is any monomial.

Proposition 2.17. Let I be a monomial ideal and let m be a monomial. Then I is Lyubeznik,
Barile-Macchia, or bridge-friendly, if and only if so is m1I.

An affirmative answer to the following question would allow us to deduce the property of
being Lyubeznik, Barile-Macchia, and bridge-friendly of a lower power of a monomial ideal from
its higher powers.

Proposition 2.18. Let G be the Py, Cs, or Cy graph. Then for each positive integer n, there
exists a generator f € Gens(I(G)) such that the ideal fI(G)" is an HHZ-subideal of I(G)"*1.

Proof. Fix an integer n. We will prove the statement in each case.
(1) G =Py, ie, I:=I(G) = (x172, 2223, 2324).
Set J = (x172, 2273), m = x5 (v12374)" !, and f = x3w4. We have
=gt g I,
In fact, in this case, it is clear that
Gens(I™™!) = Gens(J" ') L Gens(fI™).

It is straightforward that all elements of Gens(I™ ") that divide m come from Gens(fI™).
Therefore, the ideal fI™ is the HHZ-subideal of I"*! with respect to m, as desired.
(2) Similar arguments apply to the case where G = Cj, i.e., [(G) = (2122, X223, T123).
(3) G=0Cy,ie, I :=1(G) = (2122, X223, T3Tg, T1T4).
Set J = (x112, T2x3, 374), M = (w2x3)" (v124)" T
it = gt g I,
We claim that the HHZ-subideal of I"*! with respect to m is exactly fI™. Indeed,
consider any element g in Gens(I"*1). If g belongs to fI™, then it clearly divides m.

On the other hand, if it does not, i.e., g is not divisible by f = zjz4, then g must be of
the form

,and f = zi124. We have

n+l—a n+l—a

(x122)*(2223) or (x223)*(x324)
for some integer a. In either case, g does not divide m. Thus the claim holds, and
therefore fI™ is an HHZ-subideal of I™*1. O

We remark that Proposition 2.18 does not necessarily hold for monomial ideals or edge ideals
in general. Consider I = (xx1,zx2,z23). One can check that for any monomial m, the ideal
(I*)=™ does not have the same total Betti numbers as fI? for any generator f € Gens(I).
This implies that fI? is not an HHZ-subideal of I3. As a consequence, fI(Kj3)? is not an
HHZ-subideal of I(K; 3)® for any generator f € Gens(I(Kj 3)).
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3. POWERS OF EDGE IDEALS WITH MINIMAL LYUBEZNIK RESOLUTIONS

In this section, we classify all graphs G and integers n such that I(G)™ has a minimal
Lyubeznik resolution. We will begin with the case when n = 1, which is considerably more
complicated, and follow with the case when n > 2.

We shall first identify the forbidden structures for Lyubeznik graphs. The following statement
is verified by Macaulay?2 [13] computations. We remark here that, to verify whether a Lyubeznik
resolution is minimal, it suffices to check in characteristic 2. This is because the coefficients in
the differentials of Lyubeznik resolutions are either 0 or a product of £1 with a monomial. Thus
all the Macaulay?2 verifications are done over the base field Z/2Z. Lyubeznik-critical subsets
of Gens(I) can be found in finite time just by definitions. We check if a monomial ideal is
Lyubeznik by exhausting all of its Lyubeznik resolutions.

Proposition 3.1. Let G be one of the following graphs:

(1) The 5-path graph Ps. (6) The gem graph [N,
(2) The 4-cycle graph Ciy. (7) The tadpole graph P.
(3) The 5-cycle graph Cs. (8) The butterfly graph X.
(4) The complete graph K, X. (9) The net graph >

(5) The kite graph -
Then I(G) is not Lyubeznik.

Proof. Verified with Macaulay2 computations over the base field Z/2Z. O

Proposition 3.1, coupled with Corollary 2.16, shows that any graph, whose edge ideal is
Lyubeznik, cannot contain the graphs listed in Proposition 3.1 as induced subgraphs. The
following construction plays a key role in the classification of Lyubeznik graphs.

Definition 3.2. Let a, b, ¢ be nonnegative integers. We define L(a, b, ¢) to be the graph whose
vertex and edge sets are:

V(L(a,b,¢)) = {z,y} U{mi i, U{y; Yoo U{z}ion,
E(L(a,b,c)) = {zy} U{zz;}i_; U {yyj}§:1 U{@zi ooy U{yzrtie:-

Roughly speaking, L(a,b, ¢) consists of exactly ¢ triangles zyzy, for k = 1,..., ¢, that share a
common edge {x,y}, together with a leaves {x, z;}, for i = 1,..., a, attached to x, and b leaves
{y,y;}, for j =1,...,b, attached to y. In particular, L(a,b, c) has a + b+ ¢ + 2 vertices.

Example 3.3.

(0) By convention, L(0,0,0) is the graph consisting of exactly one edge.

(1) The graph L(0,0,¢) is exactly ¢ triangles sharing one edge. In particular, L(0,0,1) is
the triangle C3, and L(0,0,2) is a diamond K.

(2) The graph L(a,0,0) is the star graph Kj 441.

(3) The graph L(a,b,0) is a gap-free tree. In fact, {L(a,b,0) | a,b € Z>(} are exactly the
connected graphs that admit minimal Scarf resolutions [12, Theorem 8.3].

The forbidden structures in Proposition 3.1 can now be characterized using graphs of the
form L(a,b, c).

Proposition 3.4. A connected graph is L(a, b, c) for some integers a,b, and c if and only if it
does not contain, as an induced subgraph, any of the graphs listed in Proposition 3.1.
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Proof. Tt is clear that for any a,b, and ¢, the graph L(a, b, ¢) does not contain any of the graphs
listed in Proposition 3.1 as an induced subgraph. We will hence only show the other direction.
Let G be a connected graph that does not contain any of the forbidden graphs. We remark that
since G does not contain Ps, Cy, or Cs, it does not contain P, for any n > 5 or C), for any
n > 4, either. In particular, G is chordal. Moreover, since G does not contain the K4 graph, it
does not contain the K,, graph for any n > 4.

Suppose G contains a cycle with a unique chord as an induced subgraph. By Proposition 3.1
(2), that cycle must be a diamond. So we can assume that G contains the diamond graph Y
formed by w, z,y, z with a chord wy. We will show that G is exactly L(a,b, c) for some integers
a,b,c. Indeed, consider any vertex u of G that does not belong to this diamond. It suffices
to show that N(u), the set of neighbors of u among «a,b,¢,d, is {w}, {y} or {w,y}. Suppose
otherwise. Then by symmetry we can assume that x € N(u). we will derive a contradiction
after considering all possibilities.

e N(u) = {z}: Then G contains the kite graph ¢, a contradiction.

e N(u) = {z,w} or N(u) = {z,y}: Then G contains the gem graph AN formed by
w, T, Y, 2, u, a contradiction.

e N(u) ={z,z}: Then G contains the C4 graph formed by w, z, u, z, a contradiction.

e N(u)={z,w,y}: Then G contains the K4 graph formed by w, z,y, u, a contradiction.

e N(u) ={z,w,z} (or N(u) = {x,y, 2z}, resp): Then G contains the Cy graph formed by
x,y,z,u (or w,x,y,u, resp), a contradiction.

e N(u)={z,w,y,z}: Then G contains the K, graph formed by w, z, y, u, a contradiction.

We shall consider the case that G does not contain a cycle with a unique chord. If G is a
tree, it is straightforward from Proposition 3.1 (1) that G is L(a,b,0) for some integers a, b.
If G is not a tree, then by Proposition 3.1 (2), it contains a triangle, whose vertices we shall
denote by x,y,z. By [20, Theorem 2.2], either G is a complete graph, or one vertex of the
maximal complete induced subgraph that contains this triangle is a 1-cutset of G. Since G
cannot contain any K, graph for any n > 4, the triangle formed by a, b, ¢ must be the maximal
complete induced subgraph of G that contains itself. Thus, we may assume that z is a 1-cutset
of G. By definition, this means that the graph G \ {z} has at least two connected components.
Let V denote the set of vertices in the connected component that contains  and y, and W the
set of the remaining vertices.

Since GG does not contain the tadpole graph D\, no vertex w € W satisfies distg(w, z) > 2.
In other words, all vertices in W are connected to z in G. On the other hand, since G does
not contain the butterfly graph, no two vertices in W are connected. Therefore, the subgraph
induced by z,y, z and vertices in W is:

x Y

Now, we consider vertices in V. Since G does not contain any n-path graph P, where n > 5,
no vertex v € V satisfies distg (v, z) > 2 or distg(z,y) > 2. In other words, all vertices in V are
connected to either z or y in G. Since G does not the kite graph =, no vertex in V is connected
to both x and y in G. Suppose there exist two vertices ', 5y’ € X such that 2’ is connected to x,
not y, and 3’ is connected to y, not x. Then G either contains a Cy graph formed by z',v', z,y
(if 2/ and y’ are connected), or the net graph > formed by .y, z,2,y/, 2’ where 2’ is a fixed
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vertex in W, a contradiction either way. Thus all vertices in V' are either connected to x and
not y, or vice versa. Thus G = L(a,b,1) where a = |V| —2 and b = |W|. O

Before proceeding to showing that the edge ideals of L(a, b, ¢) graphs are Lyubeznik, we make
the following observation.

Remark 3.5. Let F be a Lyubeznik resolution of S/I, where I C S is a monomial ideal.
Then, by Theorem 2.6, for any integer ¢, a basis of F; can be identified with the collection of
Lyubeznik-critical subsets of Mingens(I) with exactly ¢ elements. Moreover, the differentials are

as follows:
lem(o)

T,

d(o) = - ;lgl e

where o is a Lyubeznik-critical subset. From this description, it is easy to see that a Lyubeznik
resolution is minimal if and only if each Lyubeznik-critical subset does not have any bridge. We
shall make use of this observation often in this section.

Proposition 3.6. If G = L(a,b,c), for some nonnegative integers a,b, and c, then the edge
ideal I(G) 1is Lyubeznik.

Proof. If G = L(a,0,0) = Kj 4+1, then it is clear that I(G) is Taylor, and thus any Lyubeznik
resolution of I(G) is minimal. For the rest of the proof, we assume that G = L(a, b, c) where
a > 1 or ¢ > 1. Consider the following total order on Gens(I(G)):

YYp = - = YY1 > TTg > =+ > XL > YZe > - > Y21 = TZc > -+ > T2 » TY.
We will show that the Lyubeznik resolution of I(G) induced from this total order is minimal. By
definition, it suffices to show that any Lyubeznik-critical subset o of Gens(I(G)) has no bridge.

Indeed, since ¢ is Lyubeznik-critical, we have
zyton{ec E(G): e xy}.
In particular, if an edge incident to z is in o, then ¢ does not contain any edge incident to y,
and vice versa. Suppose that o contains a leaf edge which, without loss of generality, we can
assume to be zx1. Then o is a subset of
{zy} U{zaibis, U{zeio,
and thus has no bridge. On the other hand, suppose that o contains no leaf edges. If o = {xy},

then it clearly has no bridge. Otherwise, without loss of generality, we can assume that o
contains xz;. By the same observation, ¢ is then a subset of

{zy} Uz tioy,
and thus has no bridge. This concludes the proof. O

Combining the preceding three propositions, we obtain the first main result of the paper.

Theorem 3.7. The edge ideal 1(G) is Lyubeznik if and only if G is L(a,b,c) for some nonneg-
ative integers a, b, c.

Remark 3.8. Theorem 3.7 can be naturally extended to work over disconnected graphs. This
is because the resolution of the edge ideal of a disconnected graph can be obtained by tensoring
the corresponding resolutions of its connected components.

For the remaining of this section, we will investigate Lyubeznik resolutions of higher powers
of edge ideals of graphs.
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Proposition 3.9. Let G be the K13, Py, C3, or Cy graph. Then, the ideal I(G)? is not
Lyubeznik. Moreover, if G is among the last three graphs of the given list, then I(G)™ is not
Lyubeznik for any n > 2.

Proof. For the first three graphs in the list, I(G)? is generated by 6 monomials, so there are 6!
possibilities. The first assertion for these graphs can be verified by Macaulay2 computations. For
Cjy, one can verify with Macaulay2 that the ideal (x%x%, x%x%, x%xgm, $1£L’%JJ3, x2x§x4, T1ToT3L4
an HHZ-subideal of (2172, o3, w374, T174)% with respect to (z12223)%24, does not admit a
minimal Lyubeznik resolution. Thus, the first assertion for Cy follows from Lemma 2.14.

The second statement is a direct consequence of the first assertion, Proposition 2.18, and
Lemma 2.14. g

We are now ready to state the next main result of this section.

Theorem 3.10. Let G be a graph and let n > 2 be a positive integer. Then the ideal I(G)™ is
Lyubeznik if and only if one of the following holds:

(1) G is an edge; or
(2) n=2 and G is a path of length 2.

Proof. The “if” implication is straightforward. We will prove the “only if” direction.

Assume that G is a graph such that I(G)™ is Lyubeznik. By Proposition 3.9, G does not
contain, as an induced subgraph, any Cy, where k > 3, or Py, where k > 4. In other words, G
must be a star graph K j for some integer k.

If n = 2, then G does not contain K 3 as an induced subgraph by Proposition 3.9 (1). Thus
k <2, and G is either an edge or a path of length 2.

Consider the case that n > 2. We will show that I(K; 2)™ is not Lyubeznik. This would
imply that G does not contain K 2 as an induced subgraph and, hence, the desired statement
would follow. To this end, we will exhibit that any Lyubeznik resolution of S/I(K72)" has
length at least 3 and, thus, is not minimal, due to the Auslander-Buchsbaum-Serre theorem.

Since the Lyubeznik resolutions of I(K; 2) and its powers are the same as those of the ideal
generated by two variables, it suffices to consider the ideal (z,y). Fix any total order (>-) on
Gens((z,y)™) and let mq < mg < mg be the three smallest monomials with respect to (>). We
can set write

my = z%"" % and my = 2%y"°,
for some integers a and b. By symmetry, we can assume that a > b.

It suffices to construct a Lyubeznik-critical subset o of Gens((z,y)™) of cardinality 3. Con-
sider the sets

Om = {ml,mQ,m} and Tm! = {m17m3aml}a

where m, m’ € Gens((z,y)™), m = mao, and m’ > ms. Note that m’ always exists since n > 2. By
definition, o, is Lyubeznik-critical if and only if m; t lem(ma, m), and 7.,/ is Lyubeznik-critical
if and only if my 1 lem(ms, m’) and ms {lem(ms, m’).

The proof completes by showing that there always exists m or m’ so that either o, or 7.,/ is
critical. Indeed, if @ > 1, then o, is Lyubeznik-critical for m = 2% 'y”~%*+1, On the other hand,
if a =1, i.e., m; = xy™ !, then it follows that my = y™. In this case, 7,/ is Lyubeznik-critical
for any m/’. O
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4. POWERS OF EDGE IDEALS THAT ARE BRIDGE-FRIENDLY

In this section, we will study graphs G and integers n such that I(G)™ is bridge-friendly. As
in the previous section, we begin with the case when n = 1.

The following result is immediate from Lemma 2.9 and Remark 2.12.

Proposition 4.1. An edge ideal I(G) is not bridge-friendly (with respect to (>=)) if and only
if there exist a type-1 set 7 C E(G) and monomials my = mo > m3 in E(G) satisfying the
conditions in Lemma 2.9. Moreover, if ms = yz, then in 7U{my,ma}, my and ms are the only
edges containing y, and ms and ms are the only edges containing z, or vice versa.

Proof. The proof is straightforward from Lemma 2.9 and Remark 2.12. O

Proposition 4.1 roughly says that it is quite restrictive for an edge ideal not to be bridge-
friendly. It is known in [6] that edge ideals of trees are bridge-friendly. The next result addresses
edge ideals of cycles.

Proposition 4.2. The edge ideal of an n-cycle 1(C,,) is bridge-friendly if and only if n €
{3,5,6}.

Proof. The statement can be verified for n < 6. Suppose that n > 7, and set
I(Cp) = (z172, 2223, - ., Tp—1Tp, TnT1)-

Consider any total order (>=) on Gens(I(C,)). Without loss of generality, assume 122 is the
smallest monomial with respect to (>). Set 7 = {x122, 2324, Tn_12n}, M1 = Tox3, Mo =
Tpx1, and msg = x1x2. One can verify that these elements satisfy the condition in Lemma 2.9.
Thus, I(Cy,) is not bridge-friendly. O

Proposition 4.2 suggests that, in examining bridge-friendly edge ideals, one should investigate
graphs whose induced cycles are only C5,C5 or Cg. Unfortunately, understanding the class of
such graphs poses a challenging problem. Our approach is to focus on special classes of graphs
for which the cycle structures are better understood. Particularly, we shall consider chordal
graphs, i.e., graphs whose induced cycles are only triangles.

The following result gives a few additional “forbidden structures” for being bridge-friendly.
We remark here that the property of being bridge-friendly is purely combinatorial without any
reference to the base field, so this can be verified by any computer algebra system. We have
made use of Sage [19] to do the exhaustive computations.

Proposition 4.3. Let G be one of the following graphs:

(1) The complete graph K, X. (3) The kite graph -
(2) The gem graph DN, (4) The net graph >
Then I(G) is not bridge-friendly.

Proof. Verified with Sage computations. O

Propositions 4.2 and 4.3, coupled with Corollary 2.16, state that graphs that contain any
forbidden structures are not bridge-friendly. The following definition is crucial in classifying
chordal graphs that avoid the forbidden structures described in Proposition 4.3.
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Definition 4.4. Let T = (V(T), E(T)) be a tree graph and let w : E(T) — Z>( be an edge-
weight function on T'. Let BF(T, w) denote the graph with vertex set

V(T)u |_| {Ve,15Ve,2, s Vew(e)
e€E(T)

and edge set

EMu || Ay U {zue 119
yz=e€E(T)

Roughly speaking, BF(T, w) is obtained from T by, for each edge e € E(T), attaching w(e)
new triangles along the edge e. This class of graphs has a nice characterization as follows.

Proposition 4.5. Let G be a graph. Then, G = BF(T,w), for a tree graph T and an edge-
weight function w : E(T) — Zxo, if and only if G is chordal and any induced 3-cycle of G has
a vertex of degree 2.

Proof. Assume that G = BF (T, w) for some tree T and function w: E(T) — Z>¢. It is clear
that any of its induced 3-cycle has a vertex of degree 2. It can also be seen that any induced
cycle of G is a 3-cycle attached to an edge of T. Thus, GG is chordal.

We now proceed with the other implication. Let G be a chordal graph such that any of its
induced 3-cycle has a vertex of degree 2. Consider the function

{induced 3-cycles of G} — V(G) x E(G)
C~ (:ECU yCZC)7
where x¢ is a vertex of C of degree 2, and yczc the edge of C' opposite z¢. Observe that an
induced 3-cycle C' of G may have many vertices of degree 2, in which case, we pick z¢ to be a
fixed one among them. Set
V :=V(G)\ {z¢: C is an induced 3-cycle of G},
E = E(G)\ {zcyc, zczc: C is an induced 3-cycle of G}.
Let T be the induced subgraph of G with the vertex set V. Since each vertex of G that is not
in T is of degree 2, deleting them means deleting the two edges containing it. In other words,
E(T)=E.
We claim that for each induced 3-cycle C' of G, the edge yczc is an edge of T'. Indeed,
suppose otherwise that yo = x¢r is a vertex of degree 2 of a different induced 3-cycle C’. Then,

C’ must contain the only two edges containing yc, namely zcyc and yoze, and thus C' = C,
a contradiction. Therefore, the claim holds and hence T is connected.

Since any 3-cycle in G becomes an edge in T', the latter has no cycle. Thus, T is a tree. We
can define the following edge-weight function

w:E=FET)— Z>o
e |{C: C is an induced 3-cycle of G such that yozc = e}

Since the vertices that we delete from G to obtain T are all of degree 2, T is obtained from G by
deleting all of these vertices and all pairs of edges containing each of them. This is a bijective
process, i.e., we can obtain G from T, provided that we know how many vertices needed to
add in for each edge of T, which is recorded in the function w. To sum up, G = BF(T,w), as
desired. g

We are now ready to classify chordal graphs that avoid forbidden structures described in
Proposition 4.3.
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Proposition 4.6. A chordal graph is BF(T,w) for a tree T and an edge-weight function w :
E(T) — Z>o if and only if it does not contain, as an induced subgraph any 4-complete graph X,
gem graph DN\, kite grapth &=, or net graph )>‘

Proof. Tt is clear that the graph BF(T,w) does not contain the list of forbidden graphs, as an
induced subgraph. We will only show the other implication.

Let GG be a chordal graph that does not contain any of the listed forbidden induced subgraphs.
If G is a tree or C3, then we are done. By Proposition 4.5, it suffices to show that any induced
triangle C's in G has a vertex of degree 2. Suppose otherwise that G contains a C3, with vertices
x,y, and z, such that these vertices are of degrees at least 3. Equivalently, x,y, and z are each
connected to at least a vertex other than the remaining two vertices. We consider the following
possibilities on the additional neighbors of z,y and z.

e The vertices z,y and z have a common neighbor outside of the triangle zyz. In this
case, G contains a 4-complete graph m, a contradiction.

e The vertices z,y and z have no common neighbor outside of zyz, but two of the vertices
do. Without loss of generality, assume that for some vertex w € V(G), wz, wy € E(G),
but wz ¢ E(G). Since z is of degree at least 3, there exists a neighbor z’ of z other than
2 and y. Clearly 2’ cannot be connected to both z and y. Assume that 2’z ¢ E(G).

If z’w € E(G), then G contains an induced 4-cycle on the vertices z’zazw, and so G
is not chordal. If z’w ¢ E(G) and 2’y € E(G), then G contain an induced gem graph
A If 2z, 2"y, 2w € E(G), then G contains an induced kite graph -, The last two
cases both lead to a contradiction.

e No two vertices among {z,y, 2z} have a common neighbor outside of the triangle zyz.
Since the degree of these vertices are at least 3, we may assume that there are additional
edges xzx’, yy', z2’, with distinct vertices ’,4’, z’. If there is an edge between z’,7’ and
Z', say 2'y’ € E(G), then G contains an induced Cj over the vertices zyy'z’, and so G
is not chordal. If there is no edge between «’, 3" and 2/, then G contains an induced net
graph )>‘, a contradiction. O

Before continuing to prove that BF(T,w) are bridge-friendly, we shall define a particular
total order (=) on E(T'). For a fixed vertex x¢ in T', we shall view T as a rooted tree with root
xo. Each vertex v € V(T') determines a unique path from v to x¢. For i € N, let

Vi ={veV(T) | distr(v,z9) =i}
be the set of vertices in 7" whose distance to z¢ is i. Obviously, V(T) = U,z Vi- Let ¢; = Vil
for i € Z>o. We shall consider a specific labeling for the vertices in T’ given by writing
Vi={wi; |1<j<c}

(with the convention that x1 = x¢.) With respect to this particular labeling of the vertices in
T, define the following total order (>~) on E(T'):

1 <15 or

TijTi+1,k - Tir 5/ Tir 41,k if |4=14 and ] < j/; or

i=i,j=3 and k <&’
Proposition 4.7. If G = BF(T,w), for a tree T and an edge-weight function w : E(T) — Z>o,
then the edge ideal I(G) is bridge-friendly.

Proof. As before, fix a vertex zg of T' and view T as a tree rooted at zp. Let V;, the labeling
z; ;’s for the vertices of T', and the total order () be defined as above.
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We shall first extend the total order (>) to F(G). By induction, it suffices to extend the
total order (>-) to E(H), where H is obtained by attaching ! triangles along an edge e € E(T).
Suppose that e = {x; j, ;41 } and the | new vertices in H are ve1,...,Ve,;. Let ¢ = e be the
edge immediately before e in the total order (>) of E(T'). The total order on E(H) is now given
by setting:

/
€ = T Vel > " > TjjVel ™ Tit1,kVel > " > Ti+1,kVe,l > €.

We will show that I(G) is bridge-friendly with respect to (). Suppose otherwise that I(G)
is not bridge-friendly. By Proposition 4.1, there exists a collection of edges 7 C E(G) and edges
my > ma > mg in E(G) such that if we set mg = yz, then no other edge in 7 contains y or z, and
m1,ms are gaps of 7. We shall arrive at a contradiction. Consider the following possibilities:

e m3 is an edge of T, i.e., m3 = x; jT;41,% for some integers 4, j, and k. The only edges
that contain x;y1 %, and are larger than mg, are of the form x;1 v, for some 1 <
I < w(ms). So, either my or mg must be of this form. Since they are both gaps of
7, and there are exactly two edges that contain v,,,;, we must have z; jvp,; € 7, a
contradiction.

o m3 = x; V., for some edge e = x; jxit1,x € E(T) and integer . Then, the only edge
that contains ve, other than ms itself, is ;41 kv, which is smaller than ms. Thus,
such my; and ms9 do not exist, a contradiction.

® M3 = Tit1 ke, for some edge e = z; ;2,415 € E(T) and integer [. Then, the only
edge that contains v, ;, other than mg itself, is x; jve;, and the only edges that contain
Ziy1,k, and are bigger than mg itself, must be of the form x;41 xve - for some integer I’.
We can thus assume that mi = x; jve; and mo = x4 kVe,r. Since mo is a gap of 7, it
follows that x; jve,r € 7. Observe that z; jv.; and ms are both in 7 and bigger than e,
and

€ =T jTi+1,k | lcm(xiﬁjveyl/,mg).

Hence, by Corollary 2.13, e is a true gap of 7. This contradicts the fact that mo can be
chosen to be the smallest true gap of 7. O

Combining Propositions 4.3, 4.6, and 4.7, we obtain our next main result.

Theorem 4.8. Let G be a chordal graph. The edge ideal I(G) is bridge-friendly if and only if
G is BF(T,w) for some tree T and edge-weight function w : E(T) — Z>o.

We end the discussion of bridge-friendly edge ideals with an example of a graph G that does
not contain any of the forbidden graphs in Proposition 4.3, and yet I(G) is bridge-friendly.

Example 4.9. Let G be the join of two 6-cycles at three consecutive edges. Note that G is not

chordal
(=)

O W ©

@ ® ©
&



MINIMAL CELLULAR RESOLUTIONS OF POWERS OF GRAPHS 17

One can verify that I(G) is bridge-friendly with respect to the total order
VY = UT > T2 > W = Yz = wz > St s > Ssu.

Remark 4.10. Asin Remark 3.8, it is worth noting that Theorem 4.8 can be extended to work
over disconnected graphs.

For the remaining of this section, we focus on higher powers of edge ideals of graphs. Similar
to what happened to the Lyubeznik resolutions, edge ideals whose some higher power is bridge-
friendly form a much smaller class.

Proposition 4.11. Let G be one of the following graphs:

(1) The 4-star graph K 3. (4) The paw graph P-.
(2) The 4-path graph Py; (5) The diamond graph 4.
(3) The 4-cycle graph Cy. (6) The complete graph K, X.

Then, the ideals 1(G)? and I(G)? are not bridge-friendly. Moreover, if G is among the first
three graphs, then I(G)"™ is not bridge-friendly for any n > 2.

Proof. (1) If G is a 4-star graph K1 3, then I(G) behaves in the same way as the ideal generated
by three variables. Hence, we can focus on the ideal J = (21,22, z3) instead of I(G) and derive
at the same conclusions.

One can verify that J? and J? are not bridge-friendly, using Sage computations. Note that
for J3, there are only 7! total orders that need checking, since the positions of 23, 23, and ,Tg do
not matter. Consider n > 4. Compute the HHZ-subideal of (J™)<*1#373 we get:

n n—1 n—1 n—2,_2 n—2 n—2,_2 n—3,.2 n—3 2 n—4,_2 2
(:Cl, Ty T2, Ty T3, T{ Ty, Ty T2X3, T; “T3, T; "Tyx3, Ty T2Z3, Ty 1'2;63).

By factoring out necessary powers of x1, using Proposition 2.17, this ideal behaves the same
way as

(x1, 2hxo, aixs, aind, alroxs, 2323, xiadws, xix02s, 2323).
One can verify that this last ideal is not bridge-friendly, and thus neither is J™ nor I(G)", by
Lemma 2.15.

(2) If G is the 4-path graph Py, then one can check that I(G)? is not bridge-friendly with Sage
by exhausting the 6! possible total orders. Hence I(G)™ is not bridge-friendly for any n > 2, by
Proposition 2.18 and Lemma 2.15.

(3) If G is the 4-cycle graph Cy, i.e., I(G) = (z122, 223, X374, T124), then we can compute the
following HHZ-subideal of I(G)?:

2\ <(z1x223)% 2.2 2.2 2 2 2
(I1(G) )7( 18203) 24 — (xi25, T525, TITaTy, T1T5T3, ToX3L4, T1T2T3T4).

Once again, this ideal can be verified to be not bridge-friendly, by checking all 6! total orders.
Therefore, I(G)™ is not bridge-friendly, for all n > 2, by Proposition 2.18 and Lemma 2.15.

(4) If G is the paw graph D=, ie., I(G) = (z129, 2x3, 2173, 2374), then we can compute the
following HHZ-subideal of I(G)?:

2\ <(z1x324)%2 2.2 2.2 2 2 2 2
(I(G) )7( 13T4)" 2 = (x{x3, T3T], TIT2T3, T1Tax5, T1XT3X4, T2X3T4, T1T2T3T4).

One can verify that this ideal is not bridge-friendly by checking all 7! total orders. Thus I(G)?
is not bridge-friendly by Lemma 2.15. Moreover, one can check that

(I(G))= 2™ = myay (G,
which is the same as I(G)?. Thus I(G)? is not bridge-friendly.
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(5) If G is the diamond graph . i.e., I(G) = (2122, x93, T34, T124, T224), then we can compute
the following HHZ-subideals:
2\< 2 2,2 2 2 2 2 .2 2
(I(G) )—(””2””4) T = (giwy, T1X5T3, T1X5X4, T1ToTy, T1T3Ty, THT3T4, ToaX3ky, T1T2T3T4),
3 2
(HG)S640°155 — o (1(G)Sae0 155

One can verify that (I(G)2)5(z2z4)21113 is not bridge-friendly by checking all 8! total orders.
Thus both I(G)? and I(G)? are not bridge-friendly by Lemma 2.15.

(6) We consider the complete graph K4 on the four vertices x1, 22, x3, 24. One can check that
(I(K4)2)§(wzw4)2w1w3 — (I(H)2)§(wzw4)2wlwa
(T(Ky)?)S@2ma®aes — gop) (1(Ky)2)S@2en) 1o,
where H is the diamond graph 2 in part (5). It is then known that (I(H)2)<(27a)*=125 g not
bridge-friendly and, thus, neither are I(K4)? and I(K4)? by Lemma 2.15. |
The result and technique for when G = Cj is a bit different, so we will treat it separately.

Proposition 4.12. The monomial ideal I(C3)™ is bridge-friendly if and only if n < 3.

Proof. Set I(C3) = (z172, ¥223, z173). One can check that I(C3)? and I(C3)? are bridge-friendly

with respect to the total orders z323 = z12323 = 2323 = x12223 = 22i2v923 and

adrd = aded = aded = alrexd = maded = Pladns = Adwoad = A3adas = 2232l - xi230h,
respectively. In fact, we have the following claims:
Claim 4.13. If (=) is a total order with respect to which I(C3)? is bridge-friendly, then

minGens(I(G)2) € {23223, w1733, T17273}.

Claim 4.14. If (=) is a total order with respect to which I(C3)? is bridge-friendly, then
mjn Gens(I(C3)3) = xixda?.
The first claim can be verified by checking all 6! total orders. For the second claim, suppose

that (>) is a total order with respect to which I(C3)? is bridge-friendly. By the arguments in
the proof of Proposition 2.18, we have

(I(C5)?)S@22a)°a% — o 1(Cs)?,
(1(03)3)S(11I3)3m§ = z1231(C3)?,
(1(03)3)3(1112)395% _ I1I21(03)2.

Combining this observation and Claim 4.13, if min, Gens(I(C3)?3) divides (xow3)32%, then we
must have
mjn Gens(I(C3)?) € {a3x3x3, vixsa3, via523}).

By symmetry, we have similar statements when permuting 1,2, and 3. By checking all 10
possibilities for miny Gens(I(C3)?), the only possibility is min, Gens(I(C3)?) = z?x323, as
claimed.

Back to the proof of Proposition 4.12. By Proposition 2.18 and Lemma 2.15, it suffices to

show that I(C3)* is not bridge-friendly. Suppose otherwise that there exists a total order (<)
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with respect to which I(C3)? is bridge-friendly. By similar arguments as above, we have
(1(Ca)")=2m0) % = 1y 1(Cy),
(1(C3) ") S @) = gy a3 1(C5),
(1(Ca)"y=tmrm2)'s5s = 1, I(C3)°,

By Claim 4.13, if min< Gens(I(C3)*) divides (z2x3)*23, then we must have

m_in Gens(I(C3)*) = zixda3.
By symmetry, we have similar statements when permuting 1, 2, and 3. By checking all generators
of I(C3)*, we conclude that no such element exists, a contradiction. This concludes the proof. [

We remark that some of the results above can be generalized, e.g., I(K4)™ being not bridge-
friendly for any n can be shown by the same technique for I(K4)?. However, when n > 4, this
fact follows directly from Proposition 4.12.

We are now ready to state the last result of this section.

Theorem 4.15. Let G be a graph and let n > 2 be a positive integer. Then, the ideal I(G)™ is
bridge-friendly if and only if one of the following holds:

(1) G is an edge or a path of length 2; or

(2) n=2,3 and G is a triangle Cs.

Proof. The “if” implication follows from [7, Corollary 5.5] and Proposition 4.12. We now show
the “only if” direction.

Assume that I(G)™ is bridge-friendly. If n > 4, then by Propositions 4.11 and 4.12, G does
not contain, as an induced subgraph, any Cy, where k > 3, or Py, where k > 4. In other words,
G must be a star graph K j for some integer k. By Proposition 4.11 (1), G does not contain
K 3 as an induced subgraph. Thus k < 2, as desired.

Now, suppose that n equals to 2 or 3. By Proposition 4.11 (2) and (3), G is chordal. If G is
a tree, then by Proposition 4.11 (1) and (2), G must be K11 or K o, as desired.

It remains to consider the case when G contains, as an induced subgraph, a C5 graph formed
by z,y,z. If G = C3, then we are done by Proposition 4.12. Suppose that G # Cj, i.e., there
exists a vertex w # x,y, z in G. Let N(w) denote the set of neighbors of w among z,y, and z.
We have the following cases:

e [N(w)| =1, e.g., N(w) = {z}. In this case, the induced subgraph of G formed by
x,y, 2, w is a paw graph
o |[N(w)| =2, eg., N(w) = {x,y}. The induced subgraph of G formed by z,y,z,w is a
diamond graph K.
o |N(w)| =3, ie, N(w) ={z,y,z}. The induced subgraph of G formed by z,y, z,w is a
complete graph Ky X
We arrive at a contradiction to Proposition 4.11 (4), (5), and (6) in all these cases. This
concludes the proof. O

We end the paper with a few questions that we would like to see answered.

Question 4.16. For which connected graph G is the ideal I(G) bridge-friendly, Barile-Macchia
and/or generalized Barile-Macchia (cf. [6, 7])?

Question 4.17. For which hypergraph H, is the edge ideal I(H) Scarf, Lyubeznik, Barile-
Macchia, and bridge-friendly?
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