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ABSTRACT. We compute the arithmetic rank of nullcone ideals arising from natural ac-
tions of the special linear, orthogonal, and symplectic groups on direct sums of copies of
their standard and dual representations. Over an infinite field of characteristic different
from two, we show that the arithmetic rank equals the Krull dimension of the invariant
ring, and compute this dimension. In positive characteristic, the required lower bounds are
not detected by local cohomology, and are obtained using étale cohomology.

1. INTRODUCTION

Let K be a field, and consider a group G acting on an N-graded K-algebra S via a degree-
preserving K-algebra automorphism. The nullcone ideal of this action is the ideal U :=mS,
where m is the homogeneous maximal ideal of the invariant ring SG. In other words,
U is the ideal generated by homogeneous invariant polynomials of positive degree. The
arithmetic rank of an ideal a⊆ S is defined to be the least number of elements required to
generate a up to radical, i.e.,

araa := min{k ⩾ 0 : there exist f1, · · · , fk ∈ S such that rad( f1, . . . , fk)S = rada}.

In this paper, we compute the arithmetic rank of nullcone ideals arising in classical invari-
ant theory. Assume now that K is an infinite field of characteristic other than two, and let
X and Y be matrices of indeterminates of sizes m× t and t × n respectively. The group
GLt(K) acts on the polynomial ring S := K[Xm×t ,Yt×n], where M ∈ GLt(K) acts via

M :

{
X 7−→ XM−1,

Y 7−→ MY.

In other words, we have n copies of the regular representation of GLt(K), along with m
copies of the dual representation. In turn, this action restricts to an action of any subgroup
G of GLt(K). The four classical groups are the general linear group GLt(K), the special
linear group SLt(K), the orthogonal group

Ot(K) := {M ∈ GLt(K) : MtrM = 1t},
and the symplectic group

Sp2t(K) := {M ∈ GL2t(K) : Mtr
ΩM = Ω},

where Ω :=
[

0 1t
−1t 0

]
. The rings of invariants were studied by Weyl [Wey] when K = C,

and later by De Concini and Procesi [DP] who extended the descriptions of the rings of
invariants to infinite fields of positive characteristic.
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Special cases of these classical nullcone ideals and their arithmetic rank computations have
appeared in a variety of guises in the literature. They can be summarised as follows.

(a) If G = GLt(K), the nullcone ideal U is generated by the entries of XY . The minimal
primes of U are the ideals

(1.0.1) pi, j := Ii+1(X)+ I1(XY )+ I j+1(Y )

with i+ j = t. These ideals define the varieties of complexes introduced in [BE]. The
properties of pi, j and U have been studied extensively [Kem; Hun; DS; MT; PTW].
The arithmetic rank of the nullcone ideal U was computed in [JPSW, Theorem 4.1].

(b) If G = SLt(K) and m = 0, i.e., S = K[Y ], then the nullcone ideal U is generated by the
t-minors of Y , placing it within the vast classical theory of determinantal ideals [Mac;
HE; BV; Mir]. Its arithmetic rank was computed in [BS].

(c) If G = SLt(K), m = 1, and n ≥ t, then the nullcone ideal U is I1(XY )+ It(Y ). It arises
naturally in linkage theory as the generic n-residual intersection ideal of an ideal
of variables [HU]. From a different perspective, U is the ideal p1, t−1 arising from
a variety of complexes as in (1.0.1). Its arithmetic rank was computed in [BMMP,
Theorem 4.7].

(d) If G=Ot(K) or G= Sp2t(K), and m= 0, the corresponding nullcone ideals have been
investigated in [KS; HJPS; PTW]. Their arithmetic ranks were computed in [JPSW,
Theorems 5.1, 3.1].

We complete these computations by determining the arithmetic rank of the nullcone ideal
in all the remaining cases.

Main Theorem (Theorems 4.6, 5.1, and 5.2). Let K be an infinite field of characteristic
not two, and let G ⊆ GLt(K) be one of SLt(K), Ot(K), or Spt(K), where in the last case we
assume that t is even. Consider the aforementioned natural action of G on the polynomial
ring S := K[Xm×t ,Yt×n], where we assume that t ⩽ max(m,n). The arithmetic rank of the
nullcone ideal U⊆ S satisfies

araU= dimSG.

Moreover, the above dimension is

dimSG = dimS−dimG.

We recall that the dimensions of the algebraic groups of interest are

dimSLt(K) = t2 −1, dimOt(K) =

(
t
2

)
, and dimSpt(K) =

(
t +1

2

)
.

We show that the actions of the orthogonal and symplectic groups on K[Xm×t ,Yt×n] can
be reduced to actions on K[Y ′

t×(m+n)], i.e., only copies of the regular representation; this
reduction allows us to use the existing descriptions of the nullcone ideal and the arithmetic
rank [DP; JPSW]. In view of this, most of the paper is devoted to studying

K[X , Y ]SLt (K) = K[XY, ∆t(X), ∆t(Y )],

where ∆t(X) is the set of t-sized minors of X ; the corresponding nullcone ideal is given as
I1(XY )+ It(X)+ It(Y ).

When K is a field of characteristic zero, the arithmetic rank of the nullcone ideals is readily
seen to equal the Krull dimension d := dim(SG); we sketch an argument that may be found
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in [Bru, p. 117] or [JPSW, Theorem 1.1]. The homogeneous maximal ideal m of SG can be
generated up to radical by d elements in SG, a fortiori in S, giving us the upper bound. On
the other hand, the inclusion SG ↪−→ S splits in characteristic zero as G is linearly reductive.
In turn, we obtain an injection

(1.0.2) 0 ̸= Hd
m(S

G) ↪−→ Hd
mS(S)

of local cohomology modules, giving us the lower bound; see [ILL+, Proposition 9.12].
However, in positive characteristic, it is known that the inclusion SG ↪−→ S is almost never
split for classical invariant rings; see [HJPS]. In fact, we show that the local cohomology
obstruction vanishes (Theorem 4.4), and the lower bound on arithmetic rank is instead
obtained using étale cohomology.

In the spirit of the above argument, we first compute the Krull dimension of SG, giving us
the arithmetic rank in characteristic zero and an upper bound in positive characteristic. We
establish the nonvanishing of the critical étale cohomology module to obtain the desired
lower bound and show that the equality ara(mS) = dim(SG) holds even in odd positive
characteristic. If t > min(m,n), we also obtain minimal set-theoretic generators of the
nullcone ideal.

The relevant facts and machinery regarding étale cohomology are reviewed in Section 2.
In Section 3, we perform some preliminary calculations to be used in our main results.
In Section 4, we compute the arithmetic rank of the nullcone ideal for the SL-action. Fi-
nally, Section 5 establishes the Main Theorem for the orthogonal and symplectic group
actions. Appendix A gives an elementary and self-contained proof of the lower bound on
the dimension of the invariant ring used in Theorem 4.2.
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2. ÉTALE COHOMOLOGY

In this section, we collect facts about étale cohomology that we shall use in our computa-
tions later. We work over an algebraically closed field K of characteristic not two and all
varieties will be assumed to be quasiprojective. The following material may be found in
[JPSW, §6.3] or [Mil].

For a quasiprojective variety V over K, we set

Hi
c(V ) := Hi

c,ét(V ;Z/2) and Hi(V ) := Hi
ét(V ;Z/2),

where the subscript c denotes étale cohomology with compact support. The compact di-
mension and étale cohomological dimension of V , respectively, are

cptd(V ) := inf{i ⩾ 0 : Hi
c(V ) ̸= 0} and écd(V ) := sup{i ⩾ 0 : Hi(V ) ̸= 0}.

The critical cohomology group of V is HcptdV
c (V ).
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Long exact sequence of a subspace. [Mil, p. 94] If V =W ⊔U with U open in V , then there
is a long exact sequence

(2.0.1) Hi
c(U)−→ Hi

c(V )−→ Hi
c(W )−→ Hi+1

c (U)−→ .

Mayer–Vietoris. [Mil, III.2.24] If V = V1 ∪V2 with Vi open, then there is a long exact
sequence

(2.0.2) Hi(V )−→ Hi(V1)⊕Hi(V2)−→ Hi(V1 ∩V2)−→ Hi+1(V )−→ .

The same holds for étale cohomology groups with compact supports as well, [JPSW, p. 26].

Affine vanishing. [JPSW, p. 26] If V is an affine variety of dimension d, then [Mil, VI.7.2]
states

Hi(V ) = 0 for i > d.

In turn, if U is an ideal in a polynomial ring S and U := V(U)c the open complement of its
variety, then repeated application of the Mayer–Vietoris sequence yields

(2.0.3) écd(U)⩽ ara(U)+dim(S)−1,

after noting that ara(U) is the minimum number of affine open sets needed to cover U . This
will be our key tool in obtaining lower bounds for arithmetic rank.

Poincaré duality. [Mil, VI.11.1] If V is a smooth quasiprojective variety, then there is an
isomorphism Hi(V )∼= H2dim(V )−i

c (V ) for every i. In turn, we obtain the equality

(2.0.4) écd(V ) = 2dim(V )− cptd(V ).

Lemma 2.1 ([JPSW, Lemma 6.1]). Let F, E, B be quasiprojective varieties. Assume that:

(1) F −→ E −→ B is a locally trivial fiber bundle;

(2) the critical cohomology group of the fiber F has rank one;

(3) one of the following holds:

(a) the base B is simply connected with critical cohomology group of rank one, or

(b) B is smooth of dimension b as an algebraic variety, is covered by k affines
where cptdB = b− k+1, and has critical cohomology group of rank one.

Then cptdE = cptdF + cptdB, and the critical cohomology group of E has rank one. □

3. PRELIMINARY CALCULATIONS

If X is an m×n matrix over a ring S and t ⩾ 1 an integer, we let ∆t(X) denote the (possibly
empty) set of t-sized minors. In turn, It(X) denotes the ideal of S generated by ∆t(X).
Given i ∈ [m] and j ∈ [n], we denote the (i, j)th entry of X by [X ]i, j, or simply, [X ]i j. Given
subsets A⊆ [m] and B⊆ [n] of size t, we denote by [ A | B ]X the t-sized minor of X obtained
by selecting rows and columns of X whose indices lie in A and B, respectively. If m = t
(resp. n = t), we then omit A (resp. B) from the notation with the understanding that we
have A = [t] (resp. B = [t]).

Lemma 3.1. If a⊆ b are ideals in a ring S with b= a+bS, then araa⩾ arab−1.

Proof. If rad(aS) = rada, then rad((a,b)S) = radb, giving us arab⩽ araa+1. □
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Lemma 3.2. Let R := K[Xm×n]/Ir+1(X), where we assume r+ 1 ⩽ n ⩽ m. Consider the
ideal J := Ir(X)R inside the determinantal ring. Then,

araJ ⩽ r(m+n−2r)+1.

Proof. Recall that R is an ASL on the poset Π consisting of all t-sized minors of X with
t ⩽ r; we refer the reader to [Bru] for more details. The set Ω ⊆ Π of r-sized minors forms
a poset ideal that generates J. By [Bru, Proposition 2.1], we obtain araJ ⩽ rankΩ, where
rankΩ is the longest length of a chain in Ω. The rank is at most r(m+n−2r)+1; indeed,
the extremal elements of Ω are

[ 1, . . . ,r | 1, . . . ,r ]X and [ m− r+1, · · · ,m | n− r+1, . . . ,n ]X ,

and the sum of indices increases by at least one among consecutive elements in a chain. □

Lemma 3.3. Let V be a variety with a partition V =
⊔t−1

i=0 Vi, and set V⩽ j :=
⊔ j

i=0 Vi for
0 ⩽ j < t. Assume that Vj is open in V⩽ j (this implies that each Vj is locally closed) and
that cptdVj+1 < cptdVj for all j. Then, cptdV = cptdVt−1.

Proof. It suffices to show that cptdV⩽ j = cptdVj for all j. This is clear for j = 0, and for
j ⩾ 1, it follows inductively from the long exact sequence (2.0.1) applied to the decompo-
sition V⩽ j+1 =Vj+1 ⊔V⩽ j. □

Proposition 3.4. Let t ⩾ 2 be an integer, K a field, and for 0 ⩽ r < t, set

Vr := {(A,B) ∈ Kt×t ×Kt×(t−1) : rankA = r and AB = 0}.
Then, cptdVr = r2 +2(t − r)(t −1).

Proof. The statement is clear for r = 0 as V0 = {0}×Kt×(t−1), so we assume 1 ⩽ r < t and
set V :=Vr and S := {A ∈ Kt×t : rankA = r}.

By [BS, Lemma 6], there is a locally trivial fiber bundle

GLr −→ S −→ Gr(t − r, t)×Gr(r, t)

satisfying the hypotheses (1), (2), (3a) of Lemma 2.1, and thus cptdS = r2+0= r2 with the
critical cohomology group of S being rank one; we refer the reader to [BS, §3 (4)] for the
properties about grassmannians that we have used, namely that they are simply-connected,
of compact dimension zero, and with critical cohomology group of rank one.

We claim that there is a Zariski locally trivial fiber bundle

(3.4.1) K(t−r)×(t−1) V S,π

where π maps (A,B) ∈V to A. To this end, consider the open cover of S given by the sets

Uσ ,τ := {A ∈ S : [ σ | τ ]A ̸= 0},

for σ ,τ ⊆ [t] with |σ | = |τ| = r. For each U = Uσ ,τ , we now show that π−1(U) −→ U
is isomorphic to the projection U ×K(t−r)(t−1) −→U . Without loss of generality, we may
assume that σ = τ = [r], so that U =U[r],[r]. Any A ∈U can thus be written as

A =

[
A11 A12
A21 A22

]
t×t

,

where A11 is invertible of size r× r. As rankA11 = rankA, the row space of A is spanned
by the first r rows, i.e., there exists C ∈ K(t−r)×r such that

A21 =CA11 and A22 =CA12.
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As A11 is invertible, we may solve for C using the first equation and substitute it in the
second to obtain

A22 = A21A−1
11 A12.

Using this, we see that the kerA consists precisely of column vectors of the form[
−A−1

11 A12v
v

]
t×1

for v ∈ Kt−r. In turn, if B ∈ Kt×(t−1) satisfies AB = 0, then every column of B is of the
above form, giving us

B =

[
−A−1

11 A12W
W

]
t×(t−1)

for some W ∈ K(t−r)×(t−1). Thus, we have the desired isomorphism

π
−1(U) ∼= U ×K(t−r)×(t−1)

(A,B) 7−→ (A, last (t − r) rows of B)(
A,
[
−A−1

11 A12W
W

])
7−→(A,W ),

giving us the locally trivial fiber bundle.

It is clear that the fiber bundle (3.4.1) satisfies conditions (1) and (2) of Lemma 2.1. We
now verify condition (3b): viewing S as a subset of the affine space Kt×t corresponding to
K[Xt×t ], we note that S is given by

S = V(Ir+1(X))\V(Ir(X)).

The smoothness of S follows from the fact that the singular locus of R := K[X ]/Ir+1(X)
is defined by Ir(X), see [BH, Proposition 7.3.4]. As S is a nonempty open subset of
V(Ir+1(X)), we obtain dimS = dimR = (2t − r)r, where the last equality is [BH, Theo-
rem 7.3.1]. We computed earlier that cptdS = r2 and that S has critical cohomology group
of rank one. Thus, it only remains to be shown that S can be covered by k affines, where
k = dimS− cptdS+1 = (2t −2r)r+1. This now follows from Lemma 3.2. □

4. THE SPECIAL LINEAR GROUP

Consider the natural action of the special linear group G := SLt(K) on the polynomial ring
S := K[Xm×t , Yt×n], where t,m,n ⩾ 1 are integers. It is clear that elements of the subring
R := K[∆t(X), ∆t(Y ), XY ] are invariant under the action of SLt(K). By [DP, Theorem 3.3],
we have the equality R = SSLt (K) when K is infinite, and thus U := It(X)+ It(Y )+ I1(XY )
is the nullcone ideal for this action.

Remark 4.1. If f ⊆ R is any homogeneous system of parameters for R, then we also have
rad( f S) = radU, giving us araU⩽ dimR. ♢

We shall compute the arithmetic rank of U and show that the above is an equality when
char(K) ̸= 2. Note that the interesting case is when t ⩽ max(m,n), else U = I1(XY ) and
the arithmetic rank is computed in [JPSW, Theorem 4.1]. We first compute dimR.

Theorem 4.2. Let K be a field, and t,m,n ⩾ 1 be integers with t ⩽ max(m,n). Consider
the subring R := K[∆t(X),∆t(Y ),XY ]⊆ K[Xm×t ,Yt×n]. We have dimR = (m+n− t)t +1.
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Proof. Without loss of generality, we may assume n ⩽ m, so that ∆t(X) is nonempty. We
set d := (m+n− t)t +1, the purported dimension. As R is a finitely generated K-algebra,
we have dimR = trdegK(Frac(R)), so it suffices to show that the field Q := Frac(R) can be
generated over K by d elements and no fewer. Note that we have the equality

Q = K(∆t(X),∆t(Y ),XY ) = K(∆t(X),XY )

in view of the equation

[ i1, . . . , it ]Y =
[ 1, . . . , t | i1, . . . , it ]XY

[ 1, . . . , t ]X
.

We now describe a generating set for Q. We define

B1 := {[ 1, . . . , t ]X}∪
{
[ 1, . . . , î, . . . , t, j ]X : 1 < i ⩽ t < j ⩽ m

}
,

B2 := {[XY ]i1 : 1 ⩽ i ⩽ m},
B3 := {[XY ]i j : 1 ⩽ i ⩽ t, 1 < j ⩽ n}.

We set B := B1 ⊔B2 ⊔B3 and note that

|B|= (1+(t −1)(m− t))+m+ t(n−1) = d.

We wish to show that Q=K(B); it suffices to show that ∆t(X)⊆K(B) and ∆1(XY )⊆K(B).
The former is shown in the proof of [BMMP, Theorem A.2], where they show the stronger
statement that ∆t(X)⊆K(B1⊔B2). Suppose now that q is an entry of XY that is not already
included in B, i.e., q = [XY ]i j for some i ⩾ t +1 and j ⩾ 2. Consider the square matrix

M :=


[XY ]i j Xi1 · · · Xit
[XY ]1 j X11 · · · X1t

...
...

. . .
...

[XY ]t j Xt1 · · · Xtt


(t+1)×(t+1)

.

The first column of M is evidently a K[Y ]-linear combination of the others, and hence
detM = 0. Expanding the determinant along the first column and rearranging the expres-
sions gives

[XY ]i j =
−1

[ 1, . . . , t ]X

t

∑
k=1

(−1)k[ i,1, . . . , k̂, . . . , t ]X [XY ]k j ∈ K(B).

We have thus proven dimR ⩽ d. The reverse inequality is proven in the appendix as Theo-
rem A.4 by constructing d elements that are algebraically independent over K. □

The discussion around (1.0.2) now immediately yields the arithmetic rank of the nullcone
ideal in characteristic zero. Recall that the local cohomological dimension lcd(I) of an
ideal I ⊊ S is the largest integer k such that Hk

I (S) ̸= 0.

Corollary 4.3. Let K be a field of characteristic zero and U := It(X) + It(Y ) + I1(XY )
the nullcone ideal for action of SLt(K) on the polynomial ring S := K[Xm×t ,Yt×n], where
t ⩽ max(m,n). We have

araU= lcdU= (m+n− t)t +1. □

We now show that the above local cohomology obstruction vanishes in positive character-
istic.
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Theorem 4.4. Let m, n, t be positive integers with 1< t < n⩽m. Let K be an algebraically
closed field of positive characteristic, and let X and Y be matrices of indeterminates of
sizes m× t and t × n, respectively. Then, the local cohomological dimension of the ideal
U := It(X)+ It(Y )+ I1(XY ) in the polynomial ring S := K[X ,Y ] satisfies

lcdU< (m+n− t)t +1.

Proof. We utilise the techniques introduced in the proof of [HJPS, Theorem 4.2]. For
nonnegative integers i, j with i+ j ⩽ t, we define

pi, j := Ii+1(X)+ I j+1(Y )+ I1(XY ).

By [Hun; DS], pi, j is a prime ideal of height

htpi, j = (m− i)(t − i)+(n− j)(t − j)+ i j

with S/pi, j Cohen–Macaulay. In turn, htpi, j = lcdpi, j by [PS, Proposition III.4.1] as we are
in positive characteristic. The variety V(pi, j) consists of pairs of matrices (A,B) satisfying
AB = 0 and rankA ⩽ i and rankB ⩽ j. On the other hand, the variety V(U) consists of
pairs (A,B) satisfying AB = 0 and rankA < t and rankB < t; moreover, AB = 0 implies the
inequality rankA+ rankB ⩽ t. An application of the Nullstellensatz thus gives us

radU=
⋂

i+ j=t
i, j<t

pi, j =
t−1⋂
i=1

pi,t−i.

For ℓ with 1 ⩽ ℓ < t, we define

Uℓ :=
ℓ⋂

i=1

pi,t−i.

We induce on ℓ to show that

lcdUℓ < mt +nt − t2 +1

for all 1 ⩽ ℓ < t; this gives us the desired statement since radU = radUt−1. For ℓ = 1, we
need to verify

lcdp1,t−1 = htp1,t−1 = mt +n−m− t +1 < mt +nt − t2 +1,

which holds since nt − t2 − n + m + t = t(n − t) + (m − n) + t > 0 by our assumption.
Assume now that ℓ⩾ 1. By [JPSW, Equation (4.3.2)], we have

pℓ,t−ℓ−1 = Uℓ+pℓ+1,t−ℓ−1,

and thus the Mayer–Vietoris sequence for local cohomology

−→ Hk
Uℓ
(S)⊕Hk

pℓ+1,t−ℓ−1
(S) −→ Hk

Uℓ+1
(S) −→ Hk+1

pℓ,t−ℓ−1
(S)−→

yields
lcdUℓ+1 ⩽ max{lcdUℓ, lcdpℓ+1,t−ℓ−1, lcdpℓ,t−ℓ−1 −1}.

Thus, as before, it suffices to prove that

htpℓ+1,t−ℓ−1 < mt +nt − t2 +1 and htpℓ,t−ℓ−1 −1 < mt +nt − t2 +1.

Using the formula for the height as above, these reduce to

(n−t)(t−ℓ−1)+(m−ℓ−1)(ℓ+1)+1> 0 and (n−t)(t−ℓ−1)+(m−ℓ−1)ℓ+1> 0,

both of which are true as each parenthetical term is nonnegative by our hypotheses. □
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Theorem 4.5. Let m,n, t be positive integers with n ⩽ m and t ⩽ m. Let K be an alge-
braically closed field of characteristic other than two, and X and Y be matrices of indeter-
minates of sizes m×t and t×n, respectively. Consider the ideal U := It(X)+It(Y )+I1(XY )
in the polynomial ring S := K[X ,Y ] and the open complement

U :=
(
Km×t ×Kt×n)\V(U).

If t < m or t = m = n+1, then

(4.5.1) écd(U) = 2mt +2nt − t2.

Proof. For brevity, we set A := Km×t ×Kt×n to be the affine space corresponding to the
polynomial ring S. In view of Poincaré duality (2.0.4), it suffices to prove that

(4.5.2) cptd(U) = t2.

Case 1. We have t ⩽ n ⩽ m.

Our variety of interest W := V(U) is a closed subset of V := V(XY ), and the complement
is the open set U ′ := V \W consisting of pairs (A,B) ∈ A satisfying AB = 0 and that one
of A or B is of rank t; however, this then implies that the other is zero. In other words,

U ′ = (GL(m, t)×{0})⊔ ({0}×GL(n, t)tr),

where GL(k, t) = {M ∈ Kk×t : rankM = t}. We let U1 and U2 denote the respective com-
ponents above. By [JPSW, Theorem 8.4 and Lemma 8.2], we have

cptd(V ) = cptd(U1) = cptd(U2) = t2 and Ht2

c (V )∼= Ht2

c (U1)∼= Ht2

c (U2)∼= Z/2.

As the Ui are open in U , we have H∗
c(U) ∼= H∗

c(U1)⊕H∗
c(U2), giving us cptd(U ′) = t2

and Ht2
c (U

′) ∼= (Z/2)2. Analysing the long exact sequence (2.0.1) for the decomposition
V =W ⊔U ′, we see that

Hi
c(W ) =

{
0 if i < t2 −1,
ker

(
(Z/2)2 −→ Z/2

)
if i = t2 −1.

The displayed kernel must be nonzero, giving us cptd(W ) = t2 −1. Our hypothesis gives
us cptdA= 2(mt +nt)⩾ t2. Analysing (2.0.1) for the decomposition A=U ⊔W gives us
cptdU = t2, as desired (4.5.2).

Case 2. We have n < t < m.

As U = It(X) + I1(XY ), we see that U = U1 ∪U2, where U1 and U2 are the respective
complements (in A) of V(It(X)) and V(I1(XY )). As topological spaces, we have

U1 = [Km×t \V(It(X))]×Kt×n,

giving us écd(U1) = écd(Km×t \V(It(X))). By [BS, Lemma 2’], we then obtain

écd(U1) = 2mt − t2.

By [JPSW, Theorem 4.1], ara(I1(XY )) = mn, and thus (2.0.3) yields

écd(U2)⩽ mn+mt +nt −1.
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Note that if (A,B) ∈U1 ∩U2, then A is full rank and AB ̸= 0. As A is full rank, AB ̸= 0 is
equivalent to B ̸= 0. Thus,

U1 ∩U2 = {(A,B) ∈ A : It(A) ̸= 0 and AB ̸= 0}
= {(A,B) ∈ A : It(A) ̸= 0 and B ̸= 0}
= [Km×t \V(It(X))]× [Kt×n \{0}],

giving us

écd(U1 ∩U2) = écd(Km×t \V(It(X)))+ écd(Kt×n \{0}) = (2mt − t2)+(2nt −1),

where the value of écd(Km×t \V(It(X))) may be found in [BS, Lemma 2’]. Comparing the
three displayed étale cohomological dimensions, we see that écd(U1 ∩U2) is strictly the
largest; écd(U1 ∩U2)> écd(U1) is clear, and

écd(U1 ∩U2)− écd(U2)⩾ (m− t)(t −n)> 0.

A straightforward application of Mayer–Vietoris (2.0.2) then gives the desired equality (4.5.1)

écd(U) = écd(U1 ∩U2)+1 = 2mt +2nt − t2.

Case 3. We have n < t = m.

Our hypothesis then implies n = t −1. Set V :=V(U)⊆A and note that we have a decom-
position V =

⊔t−1
r=0 Vr, where

Vr := {(A,B) ∈ Kt×t ×Kt×(t−1) : rankA = r and AB = 0}.
Then, by Proposition 3.4, we have

cptdVr = r2 +2(t − r)(t −1) = r2 −2(t −1)r+2t(t −1),

giving us cptdV0 > · · · > cptdVt−1. Moreover, each Vj is open in the union
⋃ j

r=0 Vr,
being the complement of V(I j(X)) in the union. We thus obtain cptdV = cptdVt−1 by
Lemma 3.3, giving us cptdV = t2 −1. On the other hand, cptdA= 2(mt +nt)⩾ t2, so the
long exact sequence (2.0.1) applied to A=V ⊔U yields cptdU = t2 as desired (4.5.2). □

Theorem 4.6. Let m,n, t be positive integers with t ⩽ max(m,n). Let K be a field of
characteristic other than two, and let X and Y be matrices of indeterminates of sizes m× t
and t ×n, respectively. Then, the arithmetic rank of the ideal U := It(X)+ It(Y )+ I1(XY )
in the polynomial ring S := K[X ,Y ] is (m+n− t)t +1.

Proof. Let d := (m+ n− t)t + 1, the purported arithmetic rank. In view of Remark 4.1
and Theorem 4.2, it suffices to show that araU ⩾ d. As the arithmetic rank can only
decrease when passing to a field extension, we may assume that K is algebraically closed.
Without loss of generality, we may assume that n ⩽ m. Setting U := (Km×t ×Kt×n)\V(U),
by (2.0.3), we have the desired lower bound whenever we have écd(U) ⩾ 2mt + 2nt − t2.
By Theorem 4.5, we have this in all cases except n+ 1 < t = m. Assuming now that we
are in this case. We wish to prove that the ideal U = (detX)+ I1(XY ) has arithmetic rank
d = mn+ 1. Note that increasing n by one increases both d and the number of minimal
generators of U by m. In view of Lemma 3.1, we may reduce to the earlier case n = t −1
and we are done. □

Remark 4.7. In Corollary A.7, for min(m,n) < t ⩽ max(m,n), we construct an explicit
minimal set-theoretic generating set of the ideal It(X)+ It(Y )+ I1(XY ). The construction
works over any base ring and in particular, we obtain the arithmetic rank of the correspond-
ing ideal in the ring Z[X ,Y ]. ♢
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5. THE ORTHOGONAL AND SYMPLECTIC GROUPS

We now note that for the orthogonal and symplectic groups, the case with the additional
copies of the dual representation reduces to the case of just copies of the regular represen-
tation. In what follows, we use the convention that

(n
2

)
= 0 if n < 0.

5.1. The orthogonal group. Consider the action of the orthogonal group G := Ot(K) on
the polynomial ring S := K[Xm×t ,Yt×n], where t,m,n ⩾ 1 are integers. We consider the new
polynomial ring R := K[Zt×(m+n)] with the action of M ∈ G given by M : Z 7−→ MZ. As
M−1 = Mtr for M ∈ G, we see that there is a degree-preserving G-equivariant K-algebra
isomorphism ϕ : R −→ S given by Z 7−→

[
X tr Y

]
; recall that G-equivariance means that

ϕ(M( f )) = M(ϕ( f )) for all M ∈ G and f ∈ R. Note that under this map, we have

ZtrZ 7−→
[

XX tr XY
(XY )tr Y trY

]
.

This gives us a commutative diagram

K[Z] K[X ,Y ]

K[ZtrZ] K[XX tr,Y trY,XY ]

∼=

∼=

of graded KG-modules. When K is infinite and of characteristic other than two, it is known
[DP, Theorem 5.6] that K[Z]G = K[ZtrZ], and as ϕ is G-equivariant, we have the equality
K[X ,Y ]G = K[XX tr,Y trY,XY ].

The arithmetic rank of the nullcone ideal now follows from [JPSW, Theorem 5.1]:

Theorem 5.1. Let K be a field of characteristic other than two, and let X and Y be matrices
of indeterminates of sizes m× t and t × n, respectively. Then, the arithmetic rank of the
ideal I1(XX tr)+ I1(Y trY )+ I1(XY ) in K[X ,Y ] is(

n+m+1
2

)
−
(

n+m+1− t
2

)
. □

5.2. The symplectic group. Consider the action of the symplectic group G := Sp2t(K) on
the polynomial ring S := K[Xm×2t ,Y2t×n], where t,m,n ⩾ 1 are integers. We consider the
new polynomial ring R := K[Z2t×(m+n)] with the action of M ∈ G given by M : Z 7−→ MZ.
As M−1 = Ω−1MtrΩ, we have a degree-preserving G-equivariant K-algebra isomorphism
ϕ : R −→ S given by Z 7−→

[
ΩX tr Y

]
, giving us the diagram

K[Z] K[X ,Y ]

K[ZtrΩZ] K[XΩX tr,Y trΩY,XY ]

∼=

∼=

,

where the lower rings are the invariant subrings when K is infinite; for the left inclusion,
this is due to [DP, Theorem 6.6], and the right follows from G-equivariance as before.

The arithmetic rank of the nullcone ideal now follows from [JPSW, Theorem 3.1]:
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Theorem 5.2. Let K be a field of characteristic other than two, and let X and Y be matrices
of indeterminates of sizes m×2t and 2t ×n, respectively. Then, the arithmetic rank of the
ideal I1(XΩX tr)+ I1(Y trΩY )+ I1(XY ) in K[X ,Y ] is

(
n+m

2

)
−
(

n+m−2t
2

)
. □

Remark 5.3. We refer the reader to [JPSW, §3 and §5] to note that the above arithmetic
ranks agree with the dimension of the corresponding invariant ring, and that the local co-
homology obstructions vanish in positive characteristic. ♢

APPENDIX A. A LOWER BOUND ON THE DIMENSION OF THE INVARIANT RING

Given integers m, n, t such that t ⩽ max(m,n), set S := K[Xm×t , Yt×n], recall the invariant
subring R = K[∆t(X), ∆t(Y ), XY ] of the SLt(K)-action on S from Section 4. In this appen-
dix, we produce a proof of a lower bound on the dimension of R. An analogous result was
proven in [LS] for t ⩽ min(m,n).

Let q := min(m,n, t). Note that for r > q, all r-minors of XY vanish. Define

B := ∆t(X)∪∆t(Y )∪
t⋃

i=1

∆i(XY ).

Let 1 ⩽ a1 < · · ·< at and 1 ⩽ b1 < · · ·< bt be sequences of integers. We use the notations
[ a1, . . . ,at ]X , [ b1, . . . ,bt ]Y , and [ a1, . . . ,ai | b1, . . . ,bi ] to denote the corresponding minors
of X , Y , and XY respectively.

We introduce a partial order on B as the transitive closure of the following relations:

• [ a1, . . . ,at ]X ⩽ [ b1, . . . ,bt ]X if ai ⩽ bi for all i ∈ [t].

• [ a1, . . . ,at ]Y ⩽ [ b1, . . . ,bt ]Y if ai ⩽ bi for all i ∈ [t].

• [ a1, . . . ,ar | b1, . . . ,br ] ⩽ [ c1, . . . ,cs | d1, . . . ,ds ] if r ⩾ s and ai ⩽ ci and bi ⩽ di
for all i ∈ [s].

• [ c1, . . . ,ct ]X ⩽ [ a1, . . . ,ar | b1, . . . ,br ] if ci ⩽ ai for all i ∈ [r].

• [ d1, . . . ,dt ]Y ⩽ [ a1, . . . ,ar | b1, . . . ,br ] if di ⩽ bi for all i ∈ [r].

The elements of ∆t(X) and ∆t(Y ) are incomparable and form two branches at the bottom
of the poset, while the minors of XY lie above them. In particular, a chain cannot contain
both a maximal minor of X and a maximal minor of Y . We call a product of elements of B
a standard monomial if its factors, with repetition allowed, form a chain in B.
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Example A.1. Suppose that m = 3, t = 2, and n = 2. The Hasse diagram of B is:

[ 3 | 2 ]

[ 2 | 2 ] [ 3 | 1 ]

[ 1 | 2 ] [ 2 | 1 ]

[ 1 | 1 ] [ 2,3 | 1,2 ]

[ 1,3 | 1,2 ] [ 2,3 ]X

[ 1,2 | 1,2 ] [ 1,3 ]X

[ 1,2 ]Y [ 1,2 ]X

Any maximal chain has seven elements, in agreement with mt +nt − t2 +1 = 7. ♢

Observe that B is a ranked poset because it is composed of ranked posets on each of ∆t(X),
∆t(Y ), and ∆r(XY ) for r ∈ [t]. We record the rank of the poset B for later use. As before,
the rank of a poset refers to the longest length of a chain.

Lemma A.2. The rank of B is mt +nt − t2 +1.

Proof. Without loss of generality, we may assume m ⩾ t, so that ∆t(X) is nonempty. Let
q := min(n, t) as before. We construct a maximal chain in B, starting with the largest
element of B. As B is a ranked poset, the length of such a maximal chain will determine
the rank.

We begin with the n+m−1 elements

[ m | n ], [ m | n−1 ], . . . , [ m | 1 ], [ m−1 | 1 ], . . . , [ 1 | 1 ].

Moving on to the 2-minors of XY , the next element in the chain is [ 1,m | 1,n ]. We proceed
from [ 1,m | 1,n ] to [ 1,2 | 1,2 ] as before: by first decreasing the second X-index to 2
while keeping the Y -indices constant, and then vice versa. This gives us a chain segment
of length m+n−3. Proceeding similarly for 3 ⩽ r ⩽ q, we obtain chain segments of length
m+n− (2r−1) for each r. The smallest element in our chain so far is [ 1, . . . ,q | 1 . . . ,q ].

Case 1. We have q = t ⩽ n.

In this case, the next and final element in our chain must be [ 1, . . . ,q ]X . The total length
of the chain is thus

1+
t

∑
r=1

(m+n−2r+1) = mt +nt − t2 +1.

Case 2. We have q = n < t.
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We can continue the chain with the element [ 1, . . . ,n,m−(t−n)+1, . . . ,m ]X . Descending
through the poset structure to [ 1, . . . , t ]X decreases the sum of the indices by exactly one
at each step, giving us a chain segment of length (t −n)(m− t)+1. The total length of the
chain is thus

(t −n)(m− t)+1+
n

∑
r=1

(m+n−2r+1) = mt +nt − t2 +1. □

We next associate a pair of tableaux (TX ,TY ) to a standard monomial. Write the factors
of a given standard monomial in weakly increasing order in B. The factor [ i1, . . . , it ]X
contributes the row (i1, . . . , it) to the X-tableau TX , the factor [ j1, . . . , jt ]Y contributes
( j1, . . . , jt) to the Y -tableau TY , and the factor [ a1, . . . ,ar | b1, . . . ,br ] contributes (a1, . . . ,ar)
to TX and (b1, . . . ,br) to TY . Empty rows are omitted.

For example, the standard monomial

(A.2.1) [ 1,2 ]X [ 1,3 ]X [ 1,3 | 1,2 ] [ 1 | 1 ] [ 2 | 1 ]2

corresponds to the pair (TX ,TY ) displayed below, where we draw the tableaux by aligning
their bottom rows.

(A.2.2)

1 2

1 3

1 3

1

2

2

1 2

1

1

1

The definition of the order shows that the row lengths weakly decrease, the entries in each
row are strictly increasing, and the entries in each column are weakly increasing. Thus, a
standard monomial gives a pair (TX ,TY ) of semistandard Young tableaux. Conversely, such
a pair recovers the factors of the standard monomial by proceeding upward in the diagram.

We begin by showing that the standard monomials in B are linearly independent over K.
To do so, equip S with the lexicographic monomial order induced by

x11 > x12 > · · ·> x1t > x21 > · · ·> xmt > y11 > y12 > · · ·> y1n > y21 > · · ·> ytn.

For a1 < · · ·< at and b1 < · · ·< bt , the initial monomials are given as

in([ a1, . . . ,at ]X ) =
t

∏
i=1

xaii,(A.2.3)

in([ b1, . . . ,bt ]Y ) =
t

∏
i=1

yibi ,(A.2.4)

in([ a1, . . . ,ar | b1, . . . ,br ]) =
r

∏
i=1

xaiiyibi .(A.2.5)

The first two equalities follow by expanding the relevant determinants. For the third, apply
the Cauchy–Binet formula to the indicated minor of XY . The largest summand is the one
using columns 1, . . . ,r of X and rows 1, . . . ,r of Y , and the diagonal term is largest in each
of the two resulting minors. This gives (A.2.5).
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Let us illustrate the reconstruction that will be used in the proof below. For the standard
monomial in (A.2.1), equations (A.2.3)–(A.2.5) give

in
(
[ 1,2 ]X [ 1,3 ]X [ 1,3 | 1,2 ] [ 1 | 1 ] [ 2 | 1 ]2

)
= x4

11x2
21x22x2

32y4
11y22.

The variables of the form xi1 give the first column of the X-tableau: the factor x4
11x2

21 gives
the multiset {1,1,1,1,2,2}. Similarly, x22x2

32 gives the multiset {2,3,3} in its second
column. Arranging these multisets in weakly increasing order recovers TX from (A.2.2).
On the other hand, the variables of the form yi j give the entries in the i-th column of the Y -
tableau: y4

11 gives the multiset {1,1,1,1} in the first column and y22 gives the single entry
2 in the second column, recovering TY from (A.2.2). We now show that this procedure may
be used in general to recover the pair of tableaux from the initial monomial of a standard
monomial.

Lemma A.3. Distinct standard monomials have distinct initial monomials. Consequently,
the standard monomials are K-linearly independent in S.

Proof. It suffices to show that the initial monomial of a standard monomial determines its
pair of tableaux uniquely. Let M be a standard monomial with associated tableaux (TX ,TY ),
and define

dX
i j := degxi j

(in(M)) and dY
jk := degy jk

(in(M)).

We make the following observations:

(1) The respective number of boxes in the j-th column of TX and TY are given by
m

∑
i=1

dX
i j and

n

∑
k=1

dY
jk.

(2) The respective multisets of entries in the j-th column of TX and TY are given by
m⋃

i=1

{i}dX
i j and

n⋃
k=1

{k}dY
jk ,

where {i}d denotes the multiset consisting of d copies of i.

Every multiset has a unique weakly increasing arrangement. As the columns of TX and TY
are weakly increasing, the preceding data recovers TX and TY uniquely, and, in turn, deter-
mines M. Distinct standard monomials have distinct initial monomials, and are therefore
K-linearly independent. □

We may now obtain the desired dimension bound.

Theorem A.4. Let K be any field and m, n, t positive integers with t ⩽ max(m,n). For

R = K[∆t(X),∆t(Y ),XY ]⊆ K[Xm×t ,Yt×n],

one has
dimR ⩾ mt +nt − t2 +1.

Proof. By Lemma A.2, there exists a chain f1, . . . , fd ∈ B with d = mt + nt − t2 + 1 ele-
ments. By construction, elements of the form

f e1
1 · · · f ed

d , e1, . . . ,ed ⩾ 0,

are standard monomials, and thus, K-linearly independent by Lemma A.3; this is precisely
the statement that f1, . . . , fd are algebraically independent. Thus, we obtain the desired
bound dimR = trdegK Frac(R)⩾ d. □
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Remark A.5. In light of Theorem 4.2, we obtain that dim(R) = rank(B). This might lead
one to expect that R is an ASL on (B,<).

For t > min(m,n), the ring R is indeed an ASL: the straightening relations are stated in
[LS, Theorem 5.1.1]. However, for t ⩽ min(m,n), this may no longer be true. This can be
readily observed in Example A.1: the elements [ 1,2 ]Y and [ 1,2 ]X are incomparable but
the product [ 1,2 ]Y [ 1,2 ]X cannot be straightened as B has no element smaller than [ 1,2 ]Y
and [ 1,2 ]X . Reversing the poset order does not yield an ASL either, as

[ 1 | 2 ][ 2 | 1 ] = [ 1 | 1 ][ 2 | 2 ]− [ 1,2 | 1,2 ]. ♢

The rank of an element µ in a poset H is the length of the longest chain with maximal
element µ . When R is an ASL, the following proposition allows us to construct a minimal
set-theoretic generating set of the nullcone ideal of the SLt -action considered in Section 4.

Proposition A.6 ([BV, Lemma 5.9]). Let H be a finite poset and A = K[H] be an ASL. Let
xi = ∑rank(µ)=i µ for all 1 ⩽ i ⩽ rank(H). Then, rad(x1, . . . ,xrank(H)) = rad(H). □

Corollary A.7. Let K be a field of characteristic other than two and m, n, t be positive
integers with min(m,n)< t ⩽ max(m,n). Then,

Λ =

{
∑

rank(µ)=i
µ : i = 1, . . . ,mt +nt − t2 +1

}
is a minimal set-theoretic generating set of the ideal U = It(X) + It(Y ) + I1(XY ) in the
polynomial ring K[Xm×t ,Yt×n].

Proof. Let R := K[∆t(X),∆t(Y ),XY ]. By Proposition A.6, Λ generates the ideal U∩R up
to radical in R, and hence, the ideal U up to radical in K[X ,Y ]. As ara(U) = mt+nt− t2+1
by Theorem 4.6, we conclude that Λ is a minimal set-theoretic generating set of U. □

Remark A.8. In the setting of Corollary A.7, the ASL structure also enables us to construct
a homogeneous minimal set-theoretic generating set of the ideal U. For i = 1, . . . ,ara(U),
let di be the least common multiple of deg(µ) for all elements µ of rank i, and for such a
µ , set α(µ) := di/deg(µ). Then, the set{

∑
rank(µ)=i

µ
α(µ) : i = 1, . . . ,mt +nt − t2 +1

}
is homogeneous and generates the ideal U up to radical. ♢
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